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On the accuracy of diffusion models for life-cycle assessment of concrete structures
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ABSTRACT
In durability analysis and life-cycle assessment of concrete structures transport of chlorides and other 
aggressive agents is generally described by using Fick’s laws of diffusion. This model is frequently applied 
in a simplified one-dimensional (1D) form. However, in practical applications the diffusion process is more 
properly described by two- or three-dimensional patterns of concentration gradients. In this paper, the 
accuracy of the 1D modelling of diffusion and its impact on the life-cycle assessment of concrete structures 
under corrosion is evaluated in deterministic and probabilistic terms with respect to more accurate two-
dimensional (2D) formulations. The influence of the diffusion modelling on the time-variant corrosion 
damage of concrete cross-sections is studied with reference to the local damage of the reinforcing steel 
bars and the global deterioration of bending moment–curvature capacity curves. The results show that 
2D diffusion models may be necessary for a realistic life-cycle assessment of concrete structures under 
corrosion, since 1D models can lead to significant inaccuracies depending on the geometrical aspect ratio 
of the cross-section, location of reinforcing steel bars and exposure conditions.
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Introduction

Due to ageing and environmental aggressiveness, concrete struc-
tures are subjected to a progressive deterioration which may lead 
over time to unsatisfactory structural performance and severe 
failures of materials and components (Ellingwood, 2005). The 
damage process induced by the diffusive attack from aggressive 
agents, such as chlorides, includes corrosion of reinforcement 
and deterioration of concrete (CEB, 1992; Kilareski, 1980). A 
proper modelling of these effects is essential to a life-cycle struc-
tural assessment. In recent years, relevant advances have been 
accomplished in the fields of life-cycle analysis and design of 
deteriorating civil engineering systems and novel approaches 
to time-variant assessment and optimisation of concrete struc-
tures in aggressive environment have been proposed (Biondini & 
Frangopol, 2008; Chen, Frangopol, & Ang, 2010; Cho, Frangopol, 
& Ang, 2007; Frangopol, 2011; Frangopol & Furuta, 2001; 
Furuta, Frangopol, & Akiyama, 2014; Frangopol, Kallen, & van 
Noortwijk, 2004; Nowak & Frangopol, 2005; Strauss, Frangopol, 
& Bergmeister, 2012).

The present paper deals with the assessment of soundness and 
accuracy of diffusion models used to study corrosion phenomena 
and related effects induced in reinforced concrete (RC) structures 
by the ingress of chlorides and other aggressive agents. Actually, 
chloride ions can penetrate by pure diffusion only in concrete 
that is completely saturated with water (Papakonstantinou & 
Shinozuka, 2013). In general, chloride ingress is a complex 
process which may involve several other mechanisms such as 
water surface absorption in partially saturated concrete, water 
flow in the outer part of the concrete volume where moisture 

conditions fluctuate quite significantly due to cycles of wet-
ting and drying, and binding of chlorides with the cement 
past hydration products, among others (Bastidas-Arteaga, 
Chateauneuf, Sánchez-Silva, Bressolette, & Schoefs, 2011; 
Medeiros, Gobbi, Réus, & Helene, 2013; Yuan, Shi, De Schutter, 
Audenaert, & Deng, 2009). In addition, chloride diffusion and 
moisture transport are coupled mechanisms (Johannesson, 
2003). Multi-mechanistic-coupled transport models of heat, 
moisture and various chemical substances are available in liter-
ature (Boddy, Bentz, Thomas, & Hooton, 1999; Saetta, Schrefler, 
& Vitaliani, 1993; Xi & Bažant, 1999; Xi, Willam, & Frangopol, 
2000). However, they are computationally expensive and need 
detailed knowledge of site-specific environmental factors and a 
wide range of material properties that are rarely available for a 
proper model calibration (Papakonstantinou & Shinozuka, 2013; 
Vořechovská, Podroužek, Chromá, Rovnaníková, & Teplý, 2009). 
Fick’s diffusion model is hence used as a convenient tool for 
predicting the onset of corrosion in practical applications, since 
observations indicate that the transport of chlorides in concrete 
is mainly diffusion controlled with a relatively small convection 
zone (Hunkeler, 2005). In this approach, the influence of various 
transport mechanisms on chloride penetration can be quanti-
fied by means of a modified time-variant diffusion coefficient 
in the concrete, generally referred to as the apparent diffusion 
coefficient (Duprat, 2007; fib, 2006; Nielsen & Geiker, 2003; Yuan  
et al., 2009). Sorption/reaction effects, including the influence of 
binding and its kinetics, can be incorporated in Fick’s model by 
adding reaction terms to the standard diffusion equation (Bentz, 
Garboczi, Lu, Martys, Sakulich, & Weiss, 2013).
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where D is the diffusivity coefficient of the medium, C = C(x, t) 
is the concentration of the chemical component at point  
x=(x, y, z) and time t, ∇C = grad C(x, t) and ∇2=∇⋅∇.

Closed-form analytical solutions of Fick’s differential equation 
are available only for simple problems. In general, numerical 
procedures are necessary to deal with arbitrary spatial domains 
and complex boundary conditions. Several numerical methods 
can be used to solve the diffusion equation (Quarteroni, Sacco, 
& Saleri, 2007). In this study, the numerical solution is achieved 
using cellular automata (Biondini et al., 2004).

Cellular automata

Cellular automata were firstly introduced and pioneered by 
von Neumann and Ulam in the early 50s (von Neumann, 
1966) and subsequently developed by other researchers in 
many fields of science (Margolus & Toffoli, 1987; Schiff, 2008; 
Wolfram, 1994, 2002). Basically, they represent simple math-
ematical idealisations of physical systems in which space and 
time are discrete, and physical quantities can assume only a 
finite set of discrete values. In fact, any physical system satis-
fying differential equations may be approximated as a cellular 
automaton by introducing discrete coordinates and variables, 
as well as discrete time steps.

In its basic form, a cellular automaton consists of a regular 
uniform grid of sites or cells, theoretically having infinite exten-
sion, with a state variable associated with each cell. The state of 
the cellular automaton at time t is then completely specified by 
the values si = si(t) of the variables at each cell i. Cellular automata 
evolve in discrete time steps according to a parallel state transi-
tion determined by a set of local rules: the variables sk+1

i
= s

i
(t
k+1

) 
at each site i at time tk + 1 are updated synchronously based on 
the values of the variables skn in their ‘neighbourhood’ n at the 
preceding time instant tk. The neighbourhood n of a cell i usually 
consists of the cell itself and a set of adjacent cells within a given 
radius r, or (i − r) ≤ n ≤ (i + r). Figure 1 presents an example of 
typical neighbourhoods for 2D cellular automata with r = 1, but 
patterns of higher complexity can be also proposed.

In general, any physical system satisfying differential equa-
tions may be approximated as a cellular automaton by introduc-
ing discrete coordinates and state variables, as well as discrete 
time steps. Properly, therefore, models based on cellular autom-
ata provide an alternative and more general approach to physical 
modelling rather than an approximation. They exhibit a complex 
behaviour analogous to that associated with complex differential 
equations, but in this case complexity emerges from the inter-
action of simple entities following simple rules. Noteworthy 
examples of cellular automata modelling of physical processes 

In durability analysis and life-cycle assessment of concrete 
structures exposed to corrosion, Fick’s diffusion model is fre-
quently applied in a simplified one-dimensional (1D) form (fib, 
2006). However, in most applications of practical interest the 
diffusion process is more properly described by two- or three-di-
mensional patterns of concentration gradients (Titi & Biondini, 
2012). In this paper, the accuracy of the 1D modelling of dif-
fusion and its impact on the life-cycle assessment of concrete 
structures under corrosion is evaluated in deterministic and 
probabilistic terms with respect to more accurate two-dimen-
sional (2D) formulations. Since the focus is on the compliance 
of 1D vs. 2D diffusion models rather than on the capability of 
generalised models to reproduce complex transport processes, 
pure chloride diffusion with constant diffusivity is considered 
for the purpose of the comparison.

In the proposed study, the numerical solution of the diffu-
sion problem is obtained by using a special class of evolutionary 
algorithm known as cellular automata. This approach has been 
proposed in previous works and applied to life-cycle reliabili-
ty-based design, assessment and maintenance of concrete struc-
tures in aggressive environment (Biondini, Bontempi, Frangopol, 
& Malerba, 2004, 2006; Biondini, Camnasio, & Palermo, 2014; 
Biondini & Frangopol, 2009; Biondini, Frangopol, & Malerba, 
2008). The proposed formulation is validated considering dif-
fusion problems for which analytical closed-form solutions are 
known. Therefore, parametric analyses are carried out on solid 
and hollow-core rectangular cross-sections with different aspect 
ratios and exposures to compare the results of 1D and 2D mod-
elling. The effects of the uncertainty involved in the problem 
are also considered by comparing the probability density dis-
tributions of the corrosion initiation time. The influence of the 
diffusion modelling on the time-variant corrosion damage of RC 
cross-sections is finally studied in deterministic and probabilistic 
terms with reference to the local damage of the reinforcing steel 
bars and the global deterioration of the bending moment vs. cur-
vature capacity curves. The results show that 1D diffusion models 
can lead to a significant loss of accuracy over time depending on 
the aspect ratio of the cross-section, location of the reinforcing 
steel bars and exposure conditions. Consequently, 2D diffusion 
simulations may be necessary and are generally recommended 
for accurate life-cycle assessment of concrete structures exposed 
to corrosion.

Cellular automata simulation of diffusion processes

Modelling of diffusion processes

The diffusion of chemical components in solids can be described 
by relating the rate of mass diffusion to the concentration gradi-
ents responsible for the net mass transfer. The simplest model is 
represented by Fick’s first law, which assumes a linear relationship 
between the mass flow and the concentration gradient. The com-
bination of Fick’s model with the mass conservation principle 
leads to Fick’s second law which, in the case of single component 
diffusion in isotropic, homogeneous and time-invariant media, 
can be reduced to the following second-order partial differential 
linear equation (Glicksman, 2000):

(1)D∇2C =
�C

�t

(a)  (b) 

Figure 1.  Neighbourhoods for 2D cellular automata with radius r  =  1: (a) von 
Neumann; (b) Moore.
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in concrete have been proposed, including models for micro-
structure development of cement hydration (Bentz, Coveney, 
Garboczi, Kleyn, & Stutzman, 1994) and damage processes under 
corrosion (Biondini et al., 2004) and fire (Biondini & Nero, 2011).

Solution of the diffusion equation

Cellular automata represent an effective tool for the numerical 
solution of partial differential equations which describe diffusion 
processes or multi-physics problems (Vick, 2007). In particu-
lar, the diffusion process described by Fick’s laws in d dimen-
sions (d = 1, 2, 3) can be effectively simulated by adopting a von 
Neumann neighbourhood with radius r = 1 (Figure 1(a)) and the 
following evolutionary rule (Biondini et al., 2004):

where the state variable ski = Ck
i = C(xi, tk) represents the con-

centration in the cell i at time tk, and ϕ0, �
−

j  and �+

j (j = 1,… , d) 
are evolutionary coefficients. A proof can be found in related 
studies (Biondini, 2011; Biondini et al., 2008).

According to the mass conservation law, the evolutionary 
coefficients must satisfy the following normality rule:

For isotropic media, in order to avoid directionality effects, 
the symmetry condition �−

j = �+

j = �
1
(j = 1,… , d) must be 

adopted, with ϕ0 = (1 – 2dϕ1). Therefore, in case of mass diffusion 
in an isotropic medium, the following evolutionary rule holds:

The grid dimension Δx and time step Δt of the cellular autom-
aton should be chosen consistently with the required level of 
accuracy. In addition, once a value of the central evolutionary 
coefficient ϕ0 is chosen, the diffusion process can be regulated 
according to a given value of the diffusion coefficient D by 
relating the grid dimension Δx and time step Δt as follows 
(Biondini et al., 2004):

A suitable value of the central evolutionary coefficient in case of 
constant diffusivity is ϕ0 = 1/2. As previously mentioned, pure 
chloride diffusion with constant diffusivity is considered in this 
study. However, in concrete structures diffusivity can change 
over time and cracking may induce local modifications in the 
rate of mass diffusion which usually involve higher gradient of 
concentration and coupling effects between diffusion and dam-
age (Bentz et al., 2013; Biondini et al., 2004; Garces Rodriguez 
& Hooton, 2003; Papakonstantinou & Shinozuka, 2013). The 
variation in space and time of the diffusion coefficient can be 
taken into account in the cellular automata solution of the dif-
fusion equation by considering the evolutionary coefficients as 
time-variant with higher values in cracked regions depending 

(2)Ck+1
i = �

0
Ck
i +

d
∑

j=1

(�−

j C
k
i−1, j + �+

j C
k
i+1, j)

(3)�
0
+

d
∑

j=1

(�−
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j ) = 1

(4)Ck+1
i = �

0
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i +

1 − �
0

2d

d
∑

j=1

(Ck
i−1,j + Ck
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(5)
Δx2

Δt
=

2d

1 − �
0

D

on the crack width. The stochastic effects in the mass transfer 
associated with the local random variability of the material dif-
fusivity can also be considered by assuming the evolutionary 
coefficients as random variables. Additional information and 
modelling guidelines can be found in Biondini et al. (2004).

Validation of the cellular automata formulation

The numerical validation of the proposed cellular automata 
formulation of the diffusion equation is reported elsewhere 
(Biondini, 2011). In the following, the high accuracy of this 
formulation is shown for 1D and 2D diffusive problems with 
closed-form analytical solution.

1D medium with localised source

The solution of the 1D diffusion in a semi-infinite medium x ≥ 0 
with a source of constant concentration C0 localised at x = 0 is 
described by the following function:

where erf(•) is the Gauss error function. In this equation, the 
quantity � = 2

√

Dt is called the diffusion length and provides a 
measure of how far the concentration has propagated in the x-di-
rection by diffusion in time t (Bird, Stewart, & Lightfoot, 2002). 
Figure 2 shows the concentration profiles at time t = 10 years and 
t = 50 years associated with a chloride concentration C0 = 3.0 
wt.-%/c and a diffusion coefficient D = 10−11 m2/s, which corre-
sponds to cement class CEM I 42.5 R with water to cement ratio 
w/c = 0.45 (fib, 2006). The analytical solution is compared with 
the numerical solution obtained by means of a cellular autom-
aton with ϕ0 = 1/2 and Δx = 0.01 m. The comparison shows the 
very good accuracy of the numerical solution.

2D medium with insulating boundaries

A 2D medium with spatial domain 0 ≤ x ≤ L and 0 ≤ y ≤ H is 
considered. The medium is insulated along the sides in the x-di-
rection (y = 0 and y = H) and the concentration is kept to zero 
along the sides in the y-direction (x = 0 and x = L), as shown in 

(6)C(x, t) = C
0

�

1 − erf

�

x

2
√

Dt

��

Figure 2. Concentration profiles C = C(x, t) for a 1D diffusion with localised source: 
comparison between analytical and numerical results.



Structure and Infrastructure Engineering    1205

A case study with n = m = 2 and H = L is presented (Karaa & 
Zhang, 2004). Figure 5 shows the profiles of concentration C(x, 
y, t)/C0 vs. the normalised coordinate ξ  =  2πx/L for different 
values of the normalised coordinate η = 2πy/L (η = 5/8π and 
η = 5/4π) and different time instants referred to a normalised dif-
fusion length τ = λ/L, namely, τ = 0.10 (Figure 5(a)) and τ = 0.25  
(Figure 5(b)). The analytical solution is compared with the 
numerical solution obtained by means of a cellular automaton 
with ϕ0 = 1/2 and Δx = L/200. This comparison shows once again 
the very good accuracy of the numerical model.

Accuracy of 1D diffusion models

The closed-form solution of the Fickian 1D diffusion with local-
ised source, given by Equation (6), is frequently used in practical 
application to assess the chloride profiles and corrosion initia-
tion time in concrete structures (Biondini et al., 2014; Enright 
& Frangopol, 1998; Estes & Frangopol, 1999; Frangopol, Lin, 
& Estes, 1997; Glass & Buenfeld, 2000; Vu & Stewart, 2000). In 
the following, the accuracy of this approach is investigated by 
comparing the 1D closed-form solution with the results provided 
by more general 2D diffusion models applied to solid and hol-
low-core cross-sections.

Figure 3. At the initial time, a uniform constant concentration 
C0 is assumed over the spatial domain. Therefore, the boundary 
conditions are as follows:

The analytical solution of the problem depends on the x-co-
ordinate only and it can be expressed in terms of a Fourier series 
as follows (Crank, 1975):

Figure 4 shows the profiles of concentration C(x, t)/C0 vs. the 
normalised coordinate ξ = x/L at the time instants associated 
with a normalised diffusion length τ = λ/L = 0.15, 0.35, and 0.50, 
where λ is the diffusion length for 1D diffusion. The analytical 
solution is compared with the numerical solution obtained for 
H = L/8 by means of a cellular automaton with ϕ0 = 1/2 and 
Δx = L/400. This comparison confirms the very good accuracy 
of the numerical model.

2D medium with sinusoidal initial concentration

A 2D medium with spatial domain 0 ≤ x ≤ L and 0 ≤ y ≤ H is 
considered. The following sinusoidal-type distribution of con-
centration is assumed at the initial time:

where C0 is the initial concentration value at sinusoidal peaks. 
The analytical solution of the diffusion equation is as follows:

(7)

{

C(x, y, t = 0) = C
0

C(x = 0, y, t) = C(x = L, y, t) = 0

(8)

C(x, y, t) = C(x, t) =
4C

0

�

∞
∑
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1
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−
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]2

Dt
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0
e
−

[

( 2�n

L
)
2

+( 2�m

H
)
2
]

Dt
sin

2n�x

L
sin

2m�y

H

Figure 3. 2D medium with insulating boundaries.

Figure 4.  Concentration profiles for a 2D medium with insulating boundaries: 
comparison between analytical and numerical results at time instants τ  =  0.15, 
0.35 and 0.50.

(a)

(b)

Figure 5.  Concentration profiles for a 2D medium with sinusoidal initial 
concentration: comparison between analytical and numerical results at time 
instants (a) τ = 0.10 and (b) τ = 0.25.

Figure 6. Rectangular solid cross-sections with different aspect ratio β = B/H.
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width, and the approximation provided by the 1D uniform con-
centration front is not accurate.

The error associated with the difference between 1D and 2D 
diffusion processes is evaluated as follows:

where C1D and C2D are the concentration functions obtained from 
the solution of the 1D and 2D diffusion equations, respectively. 
The error is computed for cross-sections with aspect ratio varying 
between 0.2 and 5.0 at three points located near the cross-section 
edges, as shown in Figure 7, for different values of the normalised 
edge distance ξ = x/H. Figure 9 compares the errors for diffusion 
from one side at the monitoring points 1, 2 and 3, for ξ = 0.05 
(Figure 9(a)) and ξ = 0.10 (Figure 9(b)) at the normalised time 
instant τ = 1.00. These results indicate that a good agreement 
between 1D and 2D modelling is achieved at point 1 for β > 1. 
The threshold values 𝛽  associated with target error values ê = 1, 
2, 5 and 10% are listed in Table 1. Contrary, at point 1 for β < 1 
and at points 2 and 3 for all β-values, the 1D solution significantly 
overestimates the actual 2D concentration. In case of exposure 
on four sides, the errors at points 1, 2 and 3 are compared in  
Figure 10. These results indicate that the 1D solution leads in all 
cases to underestimate the actual 2D concentration with errors 
e > 4%.

The largest scatter between 1D and 2D diffusion occurs at 
point 2, since in the corner region the 1D modelling cannot 
capture the local effects of combined diffusion from the two 
adjacent sides. In practical applications, these effects are often 
approximated by superposing the effects of 1D diffusion from 
the exposed sides of the cross-section:

(11)e =
C1D − C2D

C1D

(12)C(x, y) =

4
∑

k=1

C1D

k (x, y)

Solid cross-sections

Solid rectangular cross-sections with varying aspect ratio 
β = B/H, as shown in Figure 6, are considered. The two expo-
sure scenarios described in Figure 7, with a localised source of 
constant concentration C0 located along one side (Figure 7(a)) 
and four sides (Figure 7(b)), are investigated.

The 1D diffusion front is uniform along the entire cross- 
section width. However, the 2D diffusion front is non-uniform. 
This is clearly illustrated in Figure 8, which shows the concentra-
tion contour maps evaluated at the time instant associated with a 
normalised diffusion length τ = λ/H = 0.50 for the cross-sections 
shown in Figure 6 exposed to diffusion from one side. A good 
agreement between 1D and 2D modelling can be achieved for 
high values of the aspect ratio β = B/H, with convergent results 
for β → ∞. In fact, if B >> H, the 2D concentration profiles tend 
to be uniform since the effect of boundaries is limited to a region 
close to the external sides. On the contrary, if B << H, the influ-
ence of the boundaries is reflected along the entire cross-section 

(a) (b)

Figure 7. Exposure scenarios and location of the monitoring points: diffusion from 
(a) one side and (b) four sides.

Figure 8. Maps of 2D concentration C(x, y)/C0 evaluated at the time instant τ = 0.50 
for the rectangular cross-sections shown in Figure 6 with exposure on one side 
(Figure 7(a)).

(a) (b)

Figure 9. Exposure scenario with diffusion from one side: error estimate of the 1D diffusion modelling computed at time instant τ = 1.00 at the monitoring points 1, 2, and 
3 with edge distance (a) ξ = 0.05 and (b) ξ = 0.10.

Table 1. Threshold value 𝛽  of the aspect ratio associated with a target error ê at 
point 1 with edge distance ξ under diffusion from one side (Figure 7(a)).

Target error ê [%] ξ = 0.05 ξ = 0.10
1 1.89 2.43
2 1.47 1.92
5 0.98 1.40
10 0.67 0.99
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scenarios with α = 0 and α = 1. The solutions of the 1D and 2D 
diffusion problems are compared in Figures 13–16, which show 
the concentration C(x, y, t)/C0 vs. the normalised time τ = λ/H at 
selected monitoring points with normalised coordinates ξ = x/H 
and η = y/H.

These results confirm that the 1D solution significantly under-
estimates the actual level of concentration at points located in 
the corner regions (Figures 13 and 14), where the 1D modelling 
is unable to reproduce the local effects of combined diffusion 
from the two adjacent sides. The accuracy of the 1D solution is  
generally low also at points located far from the corner regions 
(Figures 15 and 16), where the concentration tends to be  
significantly overestimated with external exposure (α = 0) and 
underestimated with full exposure (α = 1). At these points, the 
1D analytical solution provides a good accuracy only for small 
core size ratio and at the early stage of the diffusion process.

Influence of diffusion modelling on life-cycle 
assessment

The objective of a life-cycle structural analysis is to evaluate the 
effects of diffusion in terms of corrosion damage and evolution 
over time of the structural performance. To this purpose, the 
influence of the diffusion modelling on the time-variant cor-
rosion damage of RC cross-sections is studied in deterministic 
and probabilistic terms with reference to the local damage of the 
reinforcing steel bars and the global deterioration of the bending 

where C1D

k = C1D

k (x, y) is the concentration analytical function 
associated with the 1D diffusion from side k, with k = 1,2,3,4. 
However, as shown in Figure 11, this approach may also lead to 
very inaccurate results, with an overestimation of the actual 2D 
concentration.

Hollow-core cross-sections

The hollow-core square cross-section presented in Figure 12 is 
considered. The cross-section is exposed along the external and 
internal surfaces with concentration C0 and αC0, respectively, 
with 0 ≤ α ≤ 1. This case is of practical interest since structural 
members with hollow cross-section, such as bridge piers, may be 
not hermetically closed over the volume with their internal sur-
face exposed to atmospheric conditions (Biondini et al., 2014). 
The 2D diffusion problem is solved numerically for different 
values of the normalised core size κ = H1/H and two exposure 

(a) (b)

Figure 10. Exposure scenario with diffusion from four sides: error estimate of the 1D diffusion modelling computed at time instant τ = 1.00 at the monitoring points 1, 2 
and 3 with edge distance (a) ξ = 0.05 and (b) ξ = 0.10.

(a) (b)

Figure 11. Exposure scenario with diffusion from four sides: error estimate of the superposition of 1D diffusion from four sides computed at time instant τ = 1.00 at the 
monitoring points 1, 2 and 3 with edge distance (a) ξ = 0.05 and (b) ξ = 0.10.

Figure 12. Hollow-core square cross-section: geometrical parameters and exposure 
scenario.
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surrounding the corroded bars and, consequently, to delami-
nating and spalling of the concrete cover (Al-Harthy, Stewart, & 
Mullard, 2011; Cabrera, 1996; Guzmán, Gálvez, & Sancho, 2011; 
Vidal, Castel, & François, 2004; Zhang, Castel, & François, 2010). 
Based on experimental evidence, these damage effects depend 
on the amount of mass loss and can be effectively modelled by 
relating the ultimate steel strain εsu of the corroded bars and 
the compression strength fc of the surrounding concrete to the 
damage index δs. The formulation of the deteriorating functions 
εsu = εsu(δs) and fc =  fc(δs), as well as the numerical validation 
against experimental results of the damage model adopted in 
this study, can be found in Biondini & Vergani (2015).

The evolution in time of corrosion damage is related to the 
corresponding evolution of the diffusive process. In fact, when 
deterioration is induced by aggressive agents, such as chlorides, 
the rate of damage depends, among other factors, on the level of 
concentration of the substance which diffuses inside the struc-
ture (Bertolini, 2008). Based on available data for corrosion rate 
under sulphate and chloride attacks (Bertolini, Elsener, Pedeferri, 
& Polder, 2004; Pastore & Pedeferri, 1994), the damage rate at 
time t of a reinforcing steel bar located at point x is evaluated as 
follows (Biondini et al., 2004):

where qs=(CsΔts)
−1 is a damage rate coefficient, Cs is the value of 

constant concentration leading to complete damage of the steel 
bar after the time interval Δts, and ti is the corrosion initiation 

(14)
��s(t)

�t
= qsC(�, t), t ≥ ti

moment vs. curvature capacity curves. Since the focus is on the 
compliance of 1D vs. 2D diffusion models, pure chloride diffu-
sion with constant diffusivity and no chloride binding is consid-
ered for the purpose of the comparison. It is worth noting that 
these assumptions are conservative for practical applications, 
since diffusivity tends to decrease over time (fib, 2006; Tang & 
Gulikers, 2007) and binding of the chloride ions by the cement 
paste reduces the rate of chloride ingress (Bentz et al., 2013; Yuan 
et al., 2009).

Corrosion initiation and propagation

The main effect of corrosion in concrete structures is the mass 
loss of the reinforcing steel bars. The percentage loss of steel 
resistant area of a corroded bar can be described by means of a 
dimensionless damage index δs = δs(t) which provides a direct 
measure of deterioration within the range [0,1]. The area As of 
the corroded bar can be represented as a function of the damage 
index as follows (Biondini et al., 2004):

where As0 is the area of the undamaged bar.
The corrosion process may also involve a remarkable reduc-

tion of steel ductility even for a limited amount of mass loss 
(Almusallam, 2001; Apostolopoulos & Papadakis, 2008). 
Moreover, the formation of oxidation products may lead to the 
development of longitudinal splitting cracks in the concrete 

(13)As(t) =
[

1 − �s(t)
]

As0

(a) (b)

Figure 13. Comparison between 1D and 2D diffusion in terms of time history of concentration at coordinates ξ = η = 0.05 for different core width ratio k with exposure 
(a) α = 0 and (b) α = 1.

(a) (b)

Figure 14. Comparison between 1D and 2D diffusion in terms of time history of concentration at coordinates ξ = η = 0.10 for different core width ratio k with exposure 
(a) α = 0 and (b) α = 1.
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and a critical threshold of concentration Ccr = 0.6 wt.-%/c (fib, 
2006). The corrosion damage induced by diffusion is evaluated 
by assuming a steel damage rate coefficient qs = (CsΔts)

−1 with 
Cs = C0 and Δts = 50 years. These case studies reproduce dete-
rioration processes with severe damage of the materials, as it 
may occur for heavily chloride-contaminated concrete and high 
relative humidity (Bertolini et al., 2004).

Life-cycle structural analyses are carried out over a 50-year 
lifetime and the results provided by 1D and 2D diffusion mod-
els are compared. Figure 18 shows the evolution over time of 
the damage index δs of the steel bars #1 and #2 of the solid RC 
cross-section under diffusion from one side (Figure 18(a)) and 
four sides (Figure 18(b)). The steel bars #1 and #2 have a different 
exposure to chloride attack and are expected to suffer over time 
a different amount of damage. This difference is well described 
by the 2D model, but it is not captured by the 1D model which 
leads to the same amount of damage for all the steel bars located 
at the same depth. The error associated with 1D diffusion is hence 
higher for the bars located in the corner regions and involves a 
significant overestimation of damage for the exposure scenario 
with diffusion from one side, and a significant underestimation 
with diffusion from four sides.

Similar results are obtained for the hollow-core RC 
cross-section, as shown in Figure 19 for the damage index 
δs of the steel bars #1 and #2 under external exposure only  
(Figure 19(a)) and full exposure of both external and internal 
surfaces (Figure 19(b)). It is noted that the 1D model leads to 
underestimate the damage of the steel bar #1 located in the 

time. The coefficient qs depends on the rate of corrosion penetra-
tion and type of corrosion mechanism, i.e. generalised (uniform) 
or localised (pitting) corrosion (Biondini & Vergani, 2015). The 
initiation time ti is associated with the attainment of a critical 
threshold of concentration Ccr, or ti = min{ t | C(x, t) ≥ Ccr}. The 
analytical solution of the 1D diffusion equation is frequently used 
to assess the corrosion initiation time as follows:

where c is the concrete cover. However, for 2D diffusion processes 
with arbitrary boundary conditions the corrosion initiation time 
has to be computed numerically.

Time-variant structural performance of RC cross-sections

The time-variant structural performance of the solid and hol-
low-core square RC cross-sections shown in Figure 17 is investi-
gated. The nominal values of material strengths and strain limits 
are, respectively, fc = 38 MPa and εcu = 0.35% for concrete in com-
pression, and fsy = 450 MPa and εsu = 7.5% for reinforcing steel. 
The effects of the confinement action of the stirrups are taken 
into account based on the model proposed by Mander, Priestley, 
and Park (1988). Chloride ingress is studied in the nominal case 
by assuming a diffusivity coefficient D = 1.58 × 10−11 m2/s and 
the exposure scenarios shown in Figures 7 and 12, with chloride 
concentration C0 = 3.0 wt.-%/c at the exposed external surfaces 

(15)ti =
c2

4D

[

erf
−1

(

C
0
− Ccr

C
0

)]−2

(a) (b)

Figure 15. Comparison between 1D and 2D diffusion in terms of time history of concentration at coordinates ξ = 0.50 and η = 0.05 for different core width ratio k with 
exposure (a) α = 0 and (b) α = 1.

(a) (b)

Figure 16. Comparison between 1D and 2D diffusion in terms of time history of concentration at coordinates ξ = 0.50 and η = 0.10 for different core width ratio k with 
exposure (a) α = 0 and (b) α = 1.
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corner, with similar error for the two exposure scenarios. For 
the steel bar #2 the error of the 1D model is smaller, but with a 
different trend depending on the exposure scenario. In fact, steel 
damage is overestimated in case of external exposure only and 
underestimated in case of full exposure.

The effects of local corrosion damage on the lifetime structural 
performance of the RC cross-sections are evaluated in terms of 
time-variant bending moment M vs. curvature � capacity under 
axial force N. For the sake of brevity, only the results achieved for 
the solid cross-section under N=0.8 MN are presented herein. 
Figures 20 and 21 show the capacity curves under diffusion from 
one side (Figure 20) and four sides (Figure 21). It is worth nothing 
that for diffusion from one side (α = 0) the exposure condition is 
not symmetric and the bending strength significantly decreases 

(a) (b)

Figure 17.  Geometry and reinforcement layout of square RC cross-sections: (a) 
solid cross-section; (b) hollow-core cross-section.

(a)

(b)

Figure 18. Evolution over time of the damage index δs of the steel bars #1 and #2 
of the solid RC cross-section (Figure 17(a)) under diffusion from (a) one side (α = 0) 
and (b) four sides (α = 1).

(a)

(b)

Figure 19. Evolution over time of the damage index δs of the steel bars #1 and #2 
of the hollow-core RC cross-section (Figure 17(b)) under (a) external exposure only 
(α = 0) and (b) full exposure of both external and internal surfaces (α = 1).

(a)

(b)

Figure 20. Evolution over time of the bending moment–curvature capacity curves 
of the solid RC cross-section exposed on one side (α = 0): (a) 1D diffusion; (b) 2D 
diffusion.



Structure and Infrastructure Engineering    1211

where M1D and M2D are the time-variant resistant bending 
moments associated with 1D and 2D diffusion modelling, 
respectively. The error increases over time for both positive 
M+ and negative M− resistant bending moments, and reaches 
absolute values |eM| = 5% after about 30–35 years of lifetime. 
However, it is worth noting that error values eM  >  0 are on 
the safe side. Contrary, error values eM < 0 may be critical for 
structural safety.

Uncertainty modelling and probabilistic analysis

Due to uncertainties in material and geometrical properties 
and in the physical models of diffusion and damage processes, 
a probabilistic life-cycle measure of the time-variant structural 
performance is necessary for realistic results. For this reason, it 

(16)eM =
M2D −M1D

M2D

only for M > 0, since the bars in tension are located in the most 
exposed part of the cross-section.

However, this is under condition that the stirrup spacing is 
sufficiently limited to avoid buckling of the compressive bars 
and consequent cover spalling, which may seriously affect the 
cross-sectional bending strength and curvature ductility also for 
M < 0. In any case, for the partial exposure scenario the compar-
ison of the capacity curves in Figures 20(a) and (b) confirms that 
the 1D diffusion model leads over time to overestimate the effects 
of structural deterioration, with lower values of both bending 
strength capacity and curvature ductility. On the contrary, for 
the most severe exposure scenario with diffusion from four sides 
(α = 1), the comparison of the capacity curves in Figures 21(a) 
and (b) indicates that the 1D diffusion model leads to underes-
timate the effects of structural deterioration on both bending 
strength capacity and curvature ductility.

The error of the 1D modelling in terms of bending strength 
capacity is quantified in Figure 22, which depicts the evolution 
over time of the following error function:

(a)

(b)

Figure 21. Evolution over time of the bending moment–curvature capacity curves 
of the solid RC cross-section exposed on four sides (α = 1): (a) 1D diffusion; (b) 2D 
diffusion.

(a)

(b)

Figure 22. Time-variant error estimate of the 1D diffusion modelling in terms of 
bending strength capacity of the solid RC cross-section under diffusion from (a) 
one side (α = 0), and (b) four sides (α = 1).

Table 2. Probability distributions and coefficients of variation (μ = mean value).

(*)Truncated distributions with non-negative outcomes.
(**)Lower bound bmin = 0.2 wt.-%/c; Upper bound bmax = 2.0 wt.-%/c.

Random variable (t = 0) Distribution type C.o.V.
Concrete strength, fc Lognormal 5 MPa/μ
Steel strength, fsy Lognormal 30 MPa/μ
Diffusivity, D Normal(*) 0.20
Damage rate, qs Normal(*) 0.30
Chloride concentration, C0 Normal(*) 0.30
Critical concentration, Ccrit Beta(**) 0.25
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is of interest to compare the accuracy of life-cycle predictions 
based on 1D and 2D diffusion models also in probabilistic terms. 
To this purpose, the results of probabilistic life-cycle analyses of 
the solid RC cross-section shown in Figure 17(a) are presented.

The probabilistic model considers the following quantities 
as random variables: concrete compression strength fc; steel 
yielding strength fsy; chloride content on the exposed surfaces 
C0; diffusion coefficient D; steel damage rate coefficient qs; crit-
ical chloride content Ccr. The nominal values of these quanti-
ties are assumed as mean values. The variables are considered 
uncorrelated with the probabilistic distribution and coefficients 
of variation listed in Table 2 (Biondini et al., 2006). The prob-
abilistic analysis is carried out by Monte Carlo simulation and 
Latin Hypercube Sampling (Iman & Conover, 1982) with cor-
relation control based on Simulated Annealing (Vořechovský 
& Novák, 2009). The termination criteria of the simulation 

(a) 

(b) 

(c) 

Figure 23. Probability mass function and lognormal probability density distribution 
model of the corrosion initiation time ti of the steel bar #1 of the solid RC cross-
section: (a) 1D diffusion; 2D diffusion from (b) one side (α = 0), and (c) four sides 
(α = 1).

Figure 24.  Comparison of the lognormal probability density distributions of the 
corrosion initiation time ti of the steel bars #1 and #2 of the solid RC cross-section 
under 1D diffusion and 2D diffusion from one side (α = 0) and four sides (α = 1).

(a) 

(b) 

(c) 

Figure 25.  Evolution over time of the probabilistic parameters (mean μ and 
standard deviation σ) of the damage index δs of the steel bar #1 of the solid RC
cross-section: (a) 1D diffusion; 2D diffusion from (b) one side (α = 0), and (c) four 
sides (α = 1).
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The influence of the diffusion modelling on the corrosion 
damage is described in Figure 25, which compares the evolution 
over time of the probabilistic parameters (mean μ and standard 
deviation σ) of the damage index δs of the steel bar #1 for the RC 
cross-section under 1D diffusion (Figure 25(a)), 2D diffusion 
from one side (Figure 25(b)), and 2D diffusion from four sides 
(Figure 25(c)). This comparison indicates that the 1D model can 
lead to significant errors in the assessment of the corrosion dam-
age in terms of both mean value and dispersion measures, and 
that this error is generally higher than the error found for the 
corrosion initiation time. In fact, corrosion damage depends on 
both corrosion initiation and damage propagation.

Finally, Figures 26 and 27 illustrate the evolution over time 
of the probabilistic parameters of the resistant bending moment 
MR of the RC cross-section subjected to positive bending under 
the two investigated exposure scenarios. These results confirm 
the inaccuracy of the 1D model, particularly in case of local-
ised exposure, and indicates that a 2D model is necessary for an 
accurate assessment of the time-variant cross-sectional structural 
performance.

Conclusions

The main deterioration problem in concrete structures is the 
corrosion of reinforcement and related effects due to chloride 
attack. An accurate simulation of chloride diffusion and a proper 
modelling of the damage associated with corrosion are hence 

process are based on a posteriori estimation of the goodness 
of the sample size based on a monitoring of the time-variant 
statistical parameters of the response random variables under 
investigation. Additional details about the simulation procedure 
can be found in Titi (2012).

Figure 23 shows the probability mass functions and the cor-
responding lognormal probability density distribution models 
of the corrosion initiation time ti for the steel bar #1 of the RC 
cross-section under 1D diffusion (Figure 23(a)), 2D diffusion 
from one side (Figure 23(b)), and 2D diffusion from four sides 
(Figure 23(c)) based on a sample of 5000 Monte Carlo realisa-
tions. The three lognormal models have been referred to a min-
imum corrosion initiation time ti,min = 0.49, 0.32 and 0.27 years, 
respectively, computed to maximise the goodness of fit according 
to the Kolmogorov–Smirnov test.

In line with the results of the deterministic analysis, the com-
parison indicates that the corrosion initiation time computed 
using the 1D model tends to be underestimated for diffusion 
from one side, and overestimated for diffusion from four sides. 
For the case with full exposure, the 1D model leads to significant 
errors in terms of both mean value and dispersion measures. 
On the contrary, the error is negligible for the steel bar #2, as 
it is indicated by the comparison of the lognormal probability 
density distributions shown in Figure 24. However, significant 
errors may arise also for bar #2 if the corrosion starts at later 
stages of the diffusion process, as it may occur with larger values 
of concrete cover or under less severe exposures.

(a) 

(b) 

Figure 26.  Evolution over time of the probabilistic parameters (mean μ and 
standard deviation σ) of the resistant bending moment MR of the solid RC cross-
section exposed on one side (α = 0): (a) 1D diffusion; (b) 2D diffusion.

(a) 

(b) 

Figure 27.  Evolution over time of the probabilistic parameters (mean μ and 
standard deviation σ) of the resistant bending moment MR of the solid RC cross-
section exposed on four sides (α = 1): (a) 1D diffusion; (b) 2D diffusion.
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essential for a reliable assessment of the lifetime performance of 
concrete structures in aggressive environment. Chloride ingress 
in concrete is generally modelled using the Fick’s diffusion equa-
tion in the 1D form. However, in most cases the diffusion pro-
cess should be more properly described by considering two- or 
three-dimensional patterns of concentration gradients.

In this paper, the accuracy of the 1D analytical modelling of 
diffusion and related damage has been investigated with respect 
to more accurate 2D formulations solved numerically using cel-
lular automata. It has been found that the 1D analytical solution 
can provide accurate results only at the early stage of the diffusion 
process. Actually, the results of parametric analyses of the dif-
fusion process for solid and hollow-core cross-sections showed 
that the 1D diffusion can lead over time to a significant loss of 
accuracy depending on the exposure conditions, the aspect ratio 
of the cross-section, the size of the openings and the location of 
points where the concentration and damage are evaluated. This 
loss of accuracy is also reflected in the assessment of corrosion 
damage of the reinforcing steel bars, as well as in the evaluation of 
the corresponding deterioration of cross-sectional performance 
indicators, such as bending strength and curvature ductility. 
Therefore, a 2D modelling of the diffusion process is generally 
required at cross-sectional level for an accurate life-cycle assess-
ment of concrete structures exposed to corrosion.

This has been demonstrated both in deterministic and prob-
abilistic terms by taking into account the uncertainty in material 
and geometrical properties and in the physical models of diffu-
sion and damage processes. From the probabilistic investigation 
it has been found that both mean value and standard deviation of 
the corrosion initiation time computed using the 1D model tend 
to be underestimated for localised exposure, and overestimated 
for full exposure. Similar errors of the 1D model have been found 
in the corrosion propagation phase for the time-variant proba-
bilistic parameters of both corroded area of steel bars and loss of 
cross-sectional bending strength, with significant overestimation 
for localised exposure and underestimation for full exposure.

The results of this investigation have clearly shown the primacy 
of general 2D numerical methods over simplified 1D analytical for-
mulas. Such results have been achieved for pure chloride diffusion 
with constant diffusivity. Depending on the cracking patterns and 
in case of partially saturated concrete, for accurate results it may be 
necessary to consider additional factors in the 2D diffusion model-
ling, including multi-species diffusion under wetting/drying cycles, 
chloride ingress due to water sorption, chloride binding, time-vari-
ation of the diffusion coefficient and spatial variability of diffusivity 
associated with concrete cracking.
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