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Abstract

A numerical approach to the reliability analysis of reinforced and prestressed concrete structures is presented. The
problem is formulated in terms of the probabilistic safety factor and the structural reliability is evaluated by Monte
Carlo simulation. The cumulative distribution of the safety factor associated with each limit state is derived and a
reliability index is evaluated. The proposed procedure is applied to reliability analysis of an existing prestressed concrete

arch bridge.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

This paper considers a direct and systematic ap-
proach to the reliability analysis of reinforced and pre-
stressed concrete structures subjected to static loads [4].
The structural reliability is evaluated by Monte Carlo
simulation. Therefore, repeated non-linear analyses are
carried out giving outcomes from a set of basic variables
which define the structural problem (e.g. mechanical and
geometrical properties, dead and live loads, prestressing
forces, etc.). The results of the analysis associated to
each singular realization are then statistically examined
and used to evaluate the reliability index associated with
each considered limit state. The proposed procedure is
finally applied to the reliability assessment of an existing
arch bridge. The structure is modeled by using a com-
posite reinforced/prestressed concrete beam element,
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whose formulation accounts for the mechanical non-
linearity due to the constitutive properties of materials
(i.e. cracking, softening and crushing of concrete;
yielding, hardening and failure of steel; prestressing ac-
tion), as well as for the geometrical non-linearity due to
second order effects.

2. Probability of failure and reliability index

A structure is safe if the applied actions S are less
than its resistance R. The problem may also be formu-
lated in terms of the probabilistic safety factor @ = R/S.
Let 0 be a particular outcome of the random variable ©.
The probability of failure can be evaluated by the inte-
gration of the density probability function fp(0) within
the failure domain D = {0|0 < 1}:

Pr= PO < 1>:/Df@(0>d0. (1)

The above equation is often approximated as

Pr = Q(_ﬁ)v (2)
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where @ is the standard normal cumulative probability
function and § = —® ' (Py) is the reliability index which
represents, in the space of the standard normal variables
(zero mean values and unit standard deviations), the
shortest distance from the origin to the surface which
defines the limit state.

3. Reliability assessment by simulation methods

In practice the density function fp(0) is not known
and at the most some information is available only
about a set of n basic random variables X =
(X1 X X, ]T which define the structural problem
(e.g. mechanical and geometrical properties, dead and
live loads, prestressing actions, etc.).

Moreover, in concrete design the limit states are
usually formulated in terms of functions of random
variables Y = Y(X) which describe the structural re-
sponse (e.g. stresses, strains, etc.), and such derivation is
generally only available in an implicit form. A numerical
approach is then required and the reliability analysis can
be performed by Monte Carlo simulation [6], where re-
peated analyses are carried out with random outcomes
of the basic variables X generated in accordance to their
marginal density functions fy.(x;), i =1,...,n. Based on
the sample obtained through the simulation process, the
density function f(60) or the cumulative function Fy(0)
can be derived for each given limit state 4#(Y) = 0, and
the corresponding probability of failure Pr = Fp(1), as
well as the reliability index = —® '[Fo(1)], can be
evaluated.

An analytical interpolation of the numerical results
can also be attempted, for example in terms of cumu-
lative function Fp(0). To this aim, a fairly regular and
non-decreasing function Fp(0) with

()Erpoc Fo(0) =0, 1)1ir+rlmFH(0) =1 (3)

can be chosen as described in Biondini et al. [1]:

1 + tanh (ic,ﬁkﬂ. (4)

k=0

Fo(0) =3

A good accuracy is usually achieved by assuming K = 5
and the coefficients ¢; are identified through a least
square minimization.

4. Failure criteria for concrete structures
4.1. Serviceability limit states
Splitting cracks and considerable creep effects may

occur if the compression stresses o, in concrete are too
high. Besides, excessive stresses either in reinforcing steel

o, or in prestressing steel ¢, can lead to unacceptable
crack patterns. Excessive displacements s may also in-
volve loss of serviceability and then have to be limited
within assigned bounds s~ and s*. Based on these con-
siderations, the following constraints account for ade-
quate durability at the serviceability stage:

Sl:—0.< — afu, (5a)
82 : |oy| < ot fomks (5b)
83t {0,] < oSy (5¢)
S4:s <s<sT, (5d)

where o, o, and o, are reduction factors of the charac-
teristic values f, fo«, and f,, of the material strengths.

4.2. Ultimate limit states

When the strain in concrete ¢, or in the reinforcing
steel ¢, or in the prestressing steel ¢, reaches a limit value
Eus € OF &y, respectively, the failure of the corre-
sponding cross-section occurs. However, the failure of a
single cross-section does not necessarily lead to the
failure of the whole structure, since the latter is caused
by the loss of equilibrium arising when the reactions r
requested for the loads f can no longer be developed.
Therefore, the following ultimate conditions have to be
verified:

Ul: —e < —é&q, (6)
U2 : Je| < &y (7)
[SERREALA ®)
U4:f<r. 9)

4.3. Probabilistic safety factors and limit load multipliers

Since these limit states refer to internal quantities of
the system, a check of the structural performance
through a non-linear analysis needs to be carried out at
the load level. To this aim, it is useful to assume
f=g+ Oq, where g is a vector of dead loads and
prestressing actions, and q is a vector of live loads whose
intensity varies proportionally to a unique multiplier
® > 0. Using these vectors, the serviceability and ulti-
mate limit states previously defined can be directly de-
scribed in terms of the corresponding limit load
multipliers @, which assume the role of probabilistic
safety factors.

It is worth noting that non-linear analysis plays a
fundamental role in the evaluation of the limit load
multipliers. In fact, for reinforced and prestressed con-
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crete structures the distribution of stresses and strains in
the materials (concrete, reinforcing and prestressing
steel), as well as the magnitude of the displacements and
the collapse loads, depend on non-linear phenomena as
cracking and crushing of the concrete matrix, yielding of
the reinforcement bars and/or of the prestressing cables,
second order geometrical effects, etc. As a consequence,
the investigated ultimate limit states cannot be investi-
gated in the linear field and, in most cases, such kind of
structures should be analyzed by taking material and,
possibly, geometrical non-linearity into account if real-
istic results under all load levels are needed.

Nowadays, non-linear analysis is a tool that can be
applied more easily than in the past. In many reports
and normative codes this aspect is recognized and it is
highlighted that non-linear analysis can give more
meaningful results than linear analysis. For these rea-
sons, a new trend in design is spreading, where the usual
procedure of non-linear verification of cross-sections on
the basis of the results of linear analyses tends to be
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replaced by a full non-linear analysis where the struc-
tural safety is evaluated at the load level.

5. Application to an existing arch bridge

The proposed procedure is now applied to the reli-
ability analysis of the existing three hinge arch bridge
shown in Fig. 1 [7]. The total length of the bridge is 158
m, with a central span of 125 m, and the total width of
the deck 8.10 m (Fig. 2). The box-girder cross-section
has the width 5.00 m and height varying from 7.00 m at
the abutments to 2.20 m at the crown (Fig. 3). The
layout of the prestressing cables is shown in Fig. 4. The
nominal value of the prestressing stress is g, yom = 1200
MPa. The number of reinforcement bars varies from a

minimum of 10822 at the crown to a maximum
16422 at the abutments. The bridge was built by using
prestressed lightweight concrete with the following
material properties:

Fig. 1. View of the arch bridge over the Rio Avelengo, Bolzano, Italy (reprinted with permission from L’industria Italiana del

Cemento—{7)).

Calcestruzzo |eggero - Lightwerght concrele.
Om

T

_leSoeQ

5
$2.20

_|_ 14,00 _!,

Fig. 2. Schematic view and main geometrical dimensions of the bridge (reprinted with permission from L’industria Italiana del

Cemento—{7]).
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Fig. 3. Longitudinal, horizontal and transversal cross-sectional views of the bridge (reprinted with permission from L’industria Italiana del Cemento—{7]).
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Fig. 4. Layout of the prestressing cables and some details about the distribution of the main reinforcement bars (reprinted with permission from L’industria Italiana del Cemento—
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fonom =—31.8 MPa, E,=30GPa, &, =-2.5%, (10a)
fiynom = 500 MPa, E, =210 GPa, &, = 1%, (10b)
Jovnom = 1940 MPa, E, = 200 GPa, ¢,, = 1% (10c)

with a nominal weight density y,,, = 20 kN/m?.

The analysis is aimed to investigate the reliability of
the bridge with respect to a change of the traffic load
category.

5.1. Structural model

The constitutive laws adopted for materials are
shown in Fig. 5 [4]. The stress—strain diagram of con-
crete in compression is described by Saenz (Fig. 5a),
with initial modulus E. = 9500/!/* and peak strain
&1 = —2%o. In tension concrete is assumed elastic per-
fectly plastic, with tensile strength f;, = 0.25/** and
ultimate tensile strain &, = 2f.;/E.. The stress—strain
diagram of reinforcing steel is assumed elastic perfectly
plastic both in tension and in compression (Fig. 5b). For
prestressing steel the plastic branch is assumed non-lin-
ear and described by a fifth order degree polynomial
function (Fig. 5c).

The bridge structure is modeled by using a pre-
stressed concrete beam finite element whose formula-
tion, based on the Bernoulli-Navier hypothesis, deals
with both material and geometrical non-linearity [3,5].
Fig. 6 shows the two-dimensional framed model, while
the corresponding modeling of some typical cross-sec-
tions are shown in Fig. 7. Fig. 6 also shows the results
obtained through a non-linear analysis under a uniform
distributed load. With regards to the accuracy of such
results, no measured data is available for the structure
examined. However, the procedure of static non-linear
analysis of two-dimensional framed structures used in
this application has been widely tested on a series of
benchmarks presented in Bontempi et al. [3] and Mal-
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erba [5]. Additional benchmarks dealing with three-
dimensional framed structures under cyclic static and
dynamic excitations can be found in Biondini [2].

5.2. Random variables

The basic random variables X used in the simulation
are listed in Table 1 [§8]. In the following, the probabi-
listic models are briefly described. Unless correlation is
explicitly specified, statistical independence between
random variables is assumed.

For material models, the parameters .., &1, €us Esus
&u» Es, E,, are assumed deterministic, while f., fi, fp,
are considered lognormally distributed random vari-
ables with mean values equal to the nominal ones and
standard deviations of 5, 10 and 100 MPa, respectively.

The geometrical parameters considered as random
variables are (a) the location (x,y) of the nodes of the
structural elements; (b) the linear dimensions d of the
boundaries of their cross-sections; (c) the depths y, and
Vp, and (d) the areas 4,; and 4,,;, of each reinforcing and
prestressing bar, respectively. These variables are taken
as normally distributed with mean values equal to the
nominal ones and standard deviations of 50, 5, 5 mm,
and 0.0254; nom, respectively (see Table 1).

The prestressing force P is taken as a random vari-
able uniformly distributed between the values AyinProm
and ApaxPoom- Due to the high uncertainty in the pre-
stressing force, the values Ay, = 0 and Ap. = 1 are as-
sumed.

The dead load G, including the weight of structural
and non-structural members, is considered as a normally
distributed random variable, with mean value equal to
the nominal one and with a coefficient of variation of
10%. The live loads are derived for each lane by a suit-
able combination of the following uniform loads:

(a) module of length 10.50 m and intensity 55 kN/m
(heavy vehicle);

O
O, Pl
O,
ch /ﬁy 0.7 /; ,
St
gcu gcl ‘ 7551,4 € sy . - pu —€ py .
I
EenCem gc gsy gsu & s gpy gpu &
arctg £ : L4
f“ , -0.7, § y
— | L
(@ (b) (c)

Fig. 5. Stress-strain diagrams of the materials: (a) concrete, (b) reinforcing steel and (c) prestressing steel.
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Fig. 6. Model of the bridge and results of the structural analysis at collapse for a uniform distributed live load: (a) framed model; (b)

(D

deformed shape; (c) axial force; (d) shear; (e) bending moment; (f) cracking pattern (shaded).

(b) module of variable length 10.50 m and intensity 15
kN/m (normal traffic).

In particular, the following load combinations are
considered:

Case I: a number of loads type (a) with the possi-
ble presence of a load type (b) on both
lanes;

Case 2: one load type (a) with the possible presence of a

load type (b) on both lanes;

Case 3: one load type (a) with the possible presence of a
load type (b) only on one lane, while on the

other lane only a load type (b) is present;
Case 4: one load type (a).

Fig. 8 shows some typical live load distributions for

the load combinations associated with cases 1 and 3.
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Fig. 7. Modeling of the composite cross-sections: (e) prestressing cables; (x) reinforcement bars.

Table 1

Probability distributions and their parameters (mean value p and standard deviation o)
Random variables Distribution type u a
Concrete strength, f. Lognormal Jenom 5 MPa
Reinforcing steel strength, f;, Lognormal Ssy.nom 30 MPa
Prestressing steel strength, f,, Lognormal Jovnom 100 MPa
Coordinates of the nodal points (x,y) Normal (%) nom 50 mm
Cross-sectional dimensions, d Normal dhom 5 mm
Depth of steel bars and cables, y Normal Ynom 5 mm
Area of steel bars and cables, 4, Normal Atnom 0.0254 1h0m
Dead loads, G Normal Ghom 0.10Guom
Live loads, O Normal Ohom 0.40Ghom

Due to lack of information, prestressing forces P are assumed to be uniformly distributed between P = 0 and P = Pon-

5.3. Numerical simulation and reliability assessment

The serviceability limit states are detected by assum-
inga, = 0.45, oy = 0.60, o, = 1.10, s = —5~ = [0 /400,
with I om = 125 m. Fig. 9 shows the cumulative distri-
butions Fp(0) of the probabilistic safety factors with the
consideration of serviceability and ultimate limit states
for different load conditions. It is worth noting that the
limit states S1 and S3 are not shown since they are

associated with very large, Pr ~ 1, and very small,
Pr =~ 0, probabilities of failure, respectively. In particu-
lar, Fig. 9 shows a comparison between the cumulative
functions Fp(0) given by samples of 1000 simulations
with those derived from the regression of the data, as well
as the corresponding reliability indices § = —®&~'[Fy(1)].
The number of simulations has been properly chosen in
such a way that a relatively stable mean and standard
deviation values of the reliability indices are obtained.
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(a)

(b)

Fig. 8. Some typical live load distributions of the load combinations for (a) case 1 and (b) case 3.

6. Conclusions

A direct and systematic approach to the reliability
analysis of reinforced and prestressed concrete struc-
tures subjected to static loads has been presented. The
effectiveness of the Monte Carlo Method in assessing the

reliability of this class of structures has been investigated
and the fundamental role played by a robust non-linear
structural analysis leading to a full exploration of all the
serviceability and ultimate limit states is emphasized.
Special attention has been devoted to the reliability
analysis of existing structures and an arch bridge has
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Fig. 9. Cumulative distribution Fp () = P (safety factor) versus log § = log(safety factor), and reliability indices § = —®~'[Fo(1)] for
both serviceability and ultimate limit states for different load conditions.
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been selected as structural prototype in order to verify
the effectiveness of the proposed approach. Such bridge
represents a real “‘case study’” where reliability analysis
has been actually selected as the main tool for the
evaluation of the structural performance of an existing
structure under loads sensibly higher than the original
design loads (change of the traffic load category).
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