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Abstract

This paper presents a methodological approach of wide generality for assessing the reliability of reinforced and
prestressed concrete structures. As known, the numerical values of the parameters which define the geometrical and
mechanical properties of this kind of structures, are affected by several sources of uncertainties. In a realistic approach
such properties cannot be considered as deterministic quantities. In the present study all these uncertainties are modeled
using a fuzzy criterion in which the model is not defined through a set of fixed values, but through bands of values,
bounded between suitable minimum and maximum extremes. The reliability problem is formulated at the load level,
with reference to several serviceability and ultimate limit states. For the critical interval associated to each limit state,
the membership function of the safety factor is derived by solving a corresponding anti-optimization problem. The
strategic planning of this solution process is governed by a genetic algorithm, which generates the sampling values of the
parameters involved in the material and geometrical non-linear structural analyses. The effectiveness of the proposed
approach and its capability to handle complex structural systems are shown by carrying out a reliability assessment of a
prestressed concrete continuous beam and of a cable-stayed bridge.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction civil engineering the realization of structural prototypes

is very unusual, not only for economical reasons, but

From the engineering point of view, a structural
problem can be considered as “uncertain” when some
lack of knowledge exists about the theoretical model
which describes the structural system and its behavior,
either with respect to the model itself, or to the value of
its significant parameters. The uncertainty which affects
the model, or a part of it, could be avoided through
direct tests. Such process is typical, for example, of
aeronautical and mechanical engineering, where tests on
prototypes are performed before the series production
and contribute to improve and to validate the model. In
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also because a prototype tested in a laboratory can never
fully represent the actual structure built on site.

To overcome such uncertainties, structural engineers
always based their choices on the experience accumu-
lated in the course of time. The same experience also
allowed them to draw generalizations. However, diffi-
culties arise when designers need to transfer the experi-
ence of the past to nowadays problems, where both the
design choices and the nature itself of the structures are
different. In this sense, particular attention must also be
paid to special structures which cannot be listed in the
traditional building categories and, as such, are not part
of the experience inheritance from the past. In addition,
due in particular to the growing complexity of structural
systems faced by nowadays designers, the uncertain
parameters involved in design evaluations tend to be
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very numerous and highly interacting. As a conse-
quence, a complete understanding of the sensitivity of
the structural behavior with respect to such uncertainties
is usually quite hard, and specific mathematical concepts
and numerical methods are required for a reliable
assessment of the structural safety [5].

Reliability-based concepts are nowadays widely ac-
cepted in structural design, even if it is well known that,
before such concepts can be effectively implemented, the
actual design problem often needs to be considerably
simplified. This is mainly due to the two following rea-
sons:

(1) In their simplest formulation, reliability-based pro-
cedures require the structural performance to be rep-
resented by explicit functional relationships among
the load and the resistance variables. But, unfortu-
nately, when the structural behavior is affected by
several sources of non-linearity, as always happens
for concrete structures, such relationships are gener-
ally available only in an implicit form.

(2) For structural systems with several components, a
complete reliability analysis includes both compo-
nent-level and system-level estimates. Depending
on the number and on the arrangement of the com-
ponents, system reliability evaluations can become
very complicated and even practically impossible
for large structural systems.

This paper proposes a theoretical approach and
numerical procedures for the reliability assessment of
reinforced and prestressed concrete structures, based on
detailed and representative mechanical models, and able
to handle implicit formulation of the performance rela-
tionships and to perform system-level evaluations even
for large structural systems [3,4,9].

The uncertainties regarding the geometrical and
mechanical properties involved in the structural prob-
lem, can be approached by a probabilistic or by a fuzzy
formulation.

The probabilistic approach assumes the intrinsic
stochastic variability of the random variables as known.
In the practice of structural design, however, it is very
frequent that a lack of information occurs about such
randomness and this makes the fuzzy approach more
meaningful for a consistent solution of the problem.
Think for example to a beam imperfectly clamped at one
end. This link is usually modeled through a rotational
spring having uncertain stiffness. The translation of this
problem in probabilistic terms is not simple, since no
information are usually available about the random
distribution of the stiffness value. Conversely, it appears
more direct and reasonable to consider a band of situ-
ations between the hinged and the clamped ones, which
defines a design domain large enough to include the
actual one under investigation. Situations of weak

structural coupling are very frequent in structural engi-
neering, as for instance happens for structures built in
subsequent phases, for large span cable supported
bridges and for high rise buildings.

For these reasons, in the present study the uncer-
tainties are modeled by using a fuzzy criterion in which
the model is defined through bands of values, bounded
between suitable minimum and maximum extremes. The
reliability problem is formulated at the load level, with
reference to several serviceability and ultimate limit
states. For the critical interval associated to each limit
state, the membership function of the safety factor is
derived by solving a corresponding anti-optimization
problem. The planning of this solution process is gov-
erned by a genetic algorithm, which generates the sam-
pling values of the parameters involved by the material
and geometrical non-linear structural analyses.

The effectiveness of the proposed approach and its
capability to handle complex structural systems are
shown by carrying out a reliability assessment of a
prestressed concrete continuous beam and of a cable-
stayed bridge.

2. Handling uncertainty in structural engineering
2.1. Randomness vs fuzziness

The uncertainties associated to a physical phenomena
may derive from several and different sources. In the
common language, something is uncertain when it as-
sumes random meanings or behaviors (randomness), or
when it is not clearly established or described (vague-
ness), or when it may have more than one possible
meaning or status (ambiguity), or, finally, when it is
described on the basis of too limited amount of infor-
mation (imprecision). At a closer examination, random-
ness, vagueness, ambiguity, and imprecision denote
uncertainties with different and specific characteristics:
for randomness the source of uncertainty is due to
intrinsic factors related to the physics of the phenomena,
which determine the events under investigation; in the
other cases the source of uncertainty arises from the
limited capacity of our formal languages to describe
the engineering problem to be solved (ambiguity), or
from incorrect and/or ill-posed definitions of quantities
which convey some informative content (vagueness), or
from some lack of knowledge (imprecision).

The last three aspects have subjective nature and are
usually included in the wider concept of fuzziness, which,
in this sense, results in juxtaposition with the objective
concept of randomness. Randomness and fuzziness have
also complementary definitions. A given event is called
random or deterministic if it is affected or not, respec-
tively, by randomness. In an analogous way, the same
event can be called fuzzy or crisp if it is affected or not,
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respectively, by fuzziness. It is obvious that both types of
uncertainty are always involved in real engineering
problems, even if in different measure, depending on the
circumstances [20]. Despite of this evidence, in civil
engineering fuzziness tends to be fully neglected, or at
most improperly treated like randomness in the context
of the probability theory. Clearly, a more rational way
to handle all kinds of uncertainty requires the formula-
tion of specific methodologies and procedures also
within the framework of the fuzzy theory [10,19]. The
development of an effective fuzzy approach to structural
reliability is then the first fundamental step towards a
more meaningful mixed probabilistic-fuzzy measure of
safety, where randomness and fuzziness are contempo-
rarily accounted for in a proper way [15].

2.2. Membership functions and uncertainty levels

In set theory, based on classical logic, an element x of
the universe of discourse X can belong or not to a given
set A C X, in the sense that the membership conditions
are mutually exclusive between them (Fig. la). A crisp
set A can then be described by a membership function

A A
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Fig. 1. Membership rules for (a) crisp and (b) fuzzy sets.

u = p(x), which coincides with the set indicator func-
tion as defined in standard topology and which is stated
as follows:

1 ifxed,
m ={o frsd wex 1)

However, in linguistic terms there are sets that cannot be
considered as crisp. As an example, one can consider the
sets of “tall” and “short” people: since the limits of such
sets cannot be defined with precision, one person can be
considered as belonging to both of them, at least in a
certain measure. Fuzzy logic allows us to consider such
aspects and to develop a wider and more general fuzzy
sets theory which includes the classical theory as a limit
situation [6,21]. In particular, the membership function
1 = u;(x) of a fuzzy set 4 C X assigns to each element x
a degree of membership varying in the closed interval
[0; 1] (Fig. 2b), or:

0<u;(x)<1l, ¥xeX (2)

In other words, a fuzzy membership function is a pos-
sibilistic distribution suitable to describe uncertain
information, when a probabilistic distribution is not
directly available. Of course, the construction of this
possibilistic function is based on subjective criteria, but
it is not arbitrary, since it clearly depends on the specific
context of the problem.

Analogously to the probabilistic case, in fuzzy
structural analysis the membership functions of the in-
put data must be processed in order to achieve the
corresponding membership functions of the output
parameters which define the structural response. To this
aim, it is useful to discretize the continuous fuzzy vari-
ables by choosing some levels of membership o € [0, 1],
called o-levels, which represent different levels of
uncertainty (Fig. 2). In this way, the relationships
among fuzzy sets can be studied by using the usual

i)}

0

o .

Xal Xo2 X

Fig. 2. Membership function and o-levels.
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concepts of classical logic and the methodologies of the
interval analysis, applied to each a-level.

2.3. Interval analysis and anti-optimization of the struc-
tural response

Let x be a parameter belonging to the set of quanti-
ties which define the structural problem and 4 a load
multiplier. It is clear that to each set of parameters
corresponds a set of limit load multipliers Ar, one of
them for each assigned limit state.

For the sake of simplicity, we start our developments
by considering the relationship between one single
parameter x and one single limit state condition, defined
by its corresponding limit load multiplier Az. It is worth
noting that, in general, that relationship Ar = Ar(x) is
non-linear, even if the behavior of the system is linear.
This is typical of design processes where the structural
properties which correlate loads and displacements are
considered as design variables. The implications of such
a non-linearity can be outlined with reference to the
schematic graph, shown in Fig. 3. In a deterministic
analysis, to each singular value of the parameter x cor-
responds a singular value of the value of the multiplier
Ar (Fig. 3a). In fuzzy analysis we need to relate the
interval of uncertainty on x, associated to a given o-level,
to the corresponding response interval on Az. Such
problem is not straightforward, since the response
interval [Agmin; Armax] corresponding to [Xmin;Xmax] Can-
not be simply obtained from Ap(xyn) and Ar(¥max), how
Fig. 3b highlights [13]. Moreover, in real applications
the number of uncertain parameters tends to be very

Ar k

- Ap =25 (x)

Y

(a)

high and the problem of finding the interval response
may become extremely complex.

In this paper such a problem is properly formulated
as an optimization problem by assuming the objective
function F(x) to be maximized as the size of the response
interval itself, or F(x) = [Armax(x) — Armin(x)] (see Fig.
3b). In particular, for the general case of n indepen-
dent parameters x, collected in a vector x=

[x1 x ... x,,}T, and m assigned limit states, the
following objective function is introduced:
Z[ Fmax me(X)] (3)

As an alternative, since from the structural safety point
of view the lower bounds Az, of the response intervals
only are often of interest, the following form of the
objective function can be also assumed:

Z[)”’ ;”;Tmm ] (4)

where /o is a constant value properly chosen, for
example in such a way that F(x) > 0. Since the worst
structural configurations are looked for, the previous
formulation leads to a so-called anti-optimization
problem.

The solution x of the anti-optimization problem
which takes the side constraints Xpin < X < Xpax 10t0 ac-
count, is developed by genetic algorithms. Genetic
algorithms are heuristic search techniques which belong
to the class of stochastic algorithms, since they combine
elements of deterministic and probabilistic search. More

)
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Fig. 3. (a) Non-linear relationship between a structural parameter x and the limit load multiplier A associated to the violation of a
given limit state. (b) Mapping between the interval of uncertainty on x and the corresponding response interval on Ar.
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properly, the search strategy works on a population of
individuals subjected to an evolutionary process, where
individuals compete between them to survive in pro-
portion to their fitness with the environment. In this
process, the population undergoes continuous repro-
duction by means of some genetic operators which, be-
cause of competition, tend to preserve the best
individuals. From this evolutionary mechanism, two
conflicting trends appear: the exploitation of the best
individuals and the exploration of the environment.
Thus, the effectiveness of the genetic search depends on a
balance between them, or between two principal prop-
erties of the system, population diversity and selective
pressure. These aspects are in fact strongly related, since
an increase in the selective pressure decreases the
diversity of the population, and vice versa [18].

With reference to the optimization problem previ-
ously formulated, a population of m individuals
belonging to the environment £ = {x|x~ <x<x"} rep-
resents a collection X = {x; X, X,, + of m pos-
sible solutions x{ = [x¥ x§ ... xf] € E, each defined
by a set of n design variables x* (k = 1,...,m). To assure
an appropriate hierarchical arrangement of the individ-
uals, their fitness F(x) > 0, which increases with the
adaptability of x to its environment F, should be prop-
erly scaled. More details about the adopted scaling rules,
internal coded representation of the population, genetic
operators and termination criteria, can be found in a
previous paper [1].

3. Non-linear analysis of reinforced and prestressed
concrete framed structures

The standard design of reinforced and prestressed
concrete frames is usually based on a linear elastic
analysis under several load combinations and on a
subsequent set of non-linear cross-sectional verifica-
tions. This kind of approach is simple, but contains
some intrinsic inconsistencies in particular with respect
to the use of global safety factors which affect not only
the safety measurements, but also the results of the
analyses in terms of both displacements and internal
stresses [14].

When realistic results are needed, material and geo-
metrical non-linearity must be taken into account di-
rectly, in a full non-linear analysis, and the structural
safety must be directly evaluated at the load level. Many
reports and codes of practice recognize these aspects and
highlight how the non-linear analysis can give more
meaningful results than usual linear analysis (see for
example [12]).

Without any loss of generality, this study focuses on
concrete framed structures for which shear and con-
nection failures are assumed to be avoided by a proper
capacity design. In such a context, the structural mod-

eling is based on a two-dimensional reinforced/pre-
stressed concrete finite beam element whose formulation
deals with both the mechanical non-linearity, associated
to the constitutive laws of the materials (concrete, or-
dinary and prestressing steels), and the geometrical non-
linearity, due to second order effects induced by the
change of configuration of the beam [7,8,17]. The two-
dimensional formulation presented in this paper is
thought for monotonic static loading. A three-dimen-
sional formulation of such an element for cyclic dynamic
loading can be found in [2].

3.1. Formulation of the reinforced concrete finite beam
element

We refer to technical beam theory applied to the
beam finite element shown in Fig. 4. The strain field over
the cross-sections is derived on the basis of the Ber-
noulli-Navier hypothesis which assumes a linear distri-
bution of normal strains. The only active strain and
stress components are the longitudinal elongation ¢, and
the corresponding stress g,. No shear strain and stress
are considered. Based on such hypotheses, the vector of
the displacements (axial # and transversal v):

u=[ulx) o@)]" )
and the vector of the generalized strains (axial strain &
and curvature y):

du v

s=la) 0] w= =

depend on the vector of the nodal displacements:

q=[u wiv @ v o] (7)
as follows:
YA

gx
i &o

Fig. 4. Reinforced/prestressed finite beam element.
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u=Ng (8)
0 i N[,
[Nl (x) M(x) 0 0 0 0 o)
= ; - __0 1;/3 _x) N4(X)N>(x )_NG( _.)
¢ =Bq (10)
B, 0 ON,/ox | 0 }

where N;(x), with k=1,...,6, are the axial N, and
bending N, displacement functions of a linear elastic
beam element having uniform cross-sectional stiffness
and loaded only at its ends (& = x/1):

M@ =1-¢ M(§=¢ (12a)
N3(&) =1-38 428, Ny(&)=(£-28+ &) (12b)

Ns(¢) =38 =28, Ne(&) = (& + &)1 (12¢)

Moreover, calling L=[1 —y], the normal strain
& = &(x,y) of the fiber at the distance y from the beam
axis can be expressed as:

& = Le = LBq (13)

We consider the structure in equilibrium under the
external applied forces and the corresponding inter-
nal stress field. For any variation of the actual dis-
placement field, which comply with both the
internal and external compatibility, the Principle of
Virtual Displacements states that the internal work
oL; equals the external one 0L, due to (a) the nodal lo-

ads Fo=[Fo, Fol' =[Fs FyiF M, F; M,
(b) the loads f=[fi(x) f,(x)]" distributed along
the beam, and () the nodal forces

Q = [Qa Qb]T = [Ql QZ : Q3 Q4 Q5 Q6 ]T thro-

ugh which the beam interacts with the structure:

OLe = W + SWy + 0W, (14a)

Wi = 6q"F, (14b)
ol 1

Wy = / su'fdx = 5qT/ N'fdx = 6q"F, (14c)
0 0

Wy =q"Q (14d)

The internal work is written in secant form. With ref-
erence to a generic non-linear elastic material, the uni-

axial stress-strain constitutive law is expressed as
follows:

Oy = O-x(gx) = ng (15)

where E = E(,) is the secant modulus of the material.
The corresponding internal work results:

5Li:/5sxade:/5sxF£de
v V

= / 5q"B"LTELBqdV
v

I —

:5qT{/ BT(/EhdA)de}q
0 JA
ol

= 5qT{/ BTﬁde}q: 0q"Knq (16)
0

where h = h(y) = L(y)"L(y) and Ky is the correspond-
ing secant stiffness matrix due to materials. In particular,
by denoting respectively with:

Ec - Ec(sc) - @ (17&)
Ey = Fules) = # (17b)

the secant moduli of the concrete fiber at the depth y and
of the the ith steel bar placed at the depth y;, with
i=1,...,m, and calling 4. and A4 the corresponding
areas of the concrete matrix and of the ith steel bar, the
secant stiffness matrix H =H(x,q) of the composite
cross-section can be expressed as:

ﬁ:/EhdA:/Ehch
4 Ae
0y

+ EsihsiAsi = ﬁc + ﬁs (18)

i=1

where h, = h(y) and h,; = h();).

Finally, the equilibrium condition of the beam ele-
ment can be derived from the virtual displacement
equation 0L; = OL.:

Kuq=F,+F +Q (19)

with Ky = Ky(q). In this way, the material non-linear-
ities associated to both concrete matrix and reinforcing
steel bars are introduced. It is worth noting that such
kind of non-linearities leads to a coupling between axial
and bending behavior.

3.2. Geometrical stiffness

Let P be an axial force applied to the ends of the
beam element, and let 4 be the corresponding dis-
placement (Fig. 5). This displacement is congruent with
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Fig. 5. Second order geometrical non-linearity.

the deformed shape and equals the difference between
the length of the bent beam, assumed as axially rigid,
and the length of the cord of its deformed axis:

ts— VTR
[y )
(%)4} (20b)

Neglecting the higher order terms and adopting the
beam’s displacement functions in the following form:

dx (20a)

d —dx—l @ 2dx+0
s “2\ax

do 1 1oN, . _
o= [0 ela=6a @)
we obtain:
! 1 [ /dv)?
1
:qu/ G'Gdxq (22)
27 o
or:
1
(M:éqT/ G'Gdxq (23)
0

From the corresponding virtual work:

1
SW = —P3A = —oqTP / G'Gdxq=—-0q"Ksq  (24)
0

the well known geometric stiffness matrix Kg = Kg(q) is
then derived:

1
Kg = —P/ G'Gdx
0

0 0i0 0 0 07
00i0 0 0 0
—p|0 0§36 3 -36 3I
T30/ |0 0 P30 4P 31 =P
0 0 i-36 -3/ 36 -3I

L0 0 {37 -2 -31 4P|

The equilibrium condition of the beam element can be
rewritten by taking the geometrical non-linearity into
account as well:

(Km +Kg)q=Fy+F, +Q (26)

3.3. Prestressing

The total strain of a cable is given by two contribu-
tions: the assigned initial prestressing strain and the
strain compatible with the deformation of the concrete
matrix. In the following, it will be shown that the strain
due to compatibility leads to a modification of the
stiffness matrix, as for the reinforcing steel, while the
initial prestressing strain leads to a vector of nodal for-
ces equivalent to the prestressing action.

The beam element is assumed to be prestressed by
i=1,...,n. cables having the eccentricity e; = ¢;(¢) with
respect to the beam axis. Let ¢; be the strain at the depth
of the ith cable:

& = g(ei) = Lpis = LPqu (27)

where Lp; = L(e;). At first, we assume that the cables are
adherent to the concrete matrix, as usual for pre-ten-
sioned elements. In such hypothesis, by denoting with
epo; the contribution to the strain of the ith cable due
only to the prestressing, after both the instantaneous
and time-dependent losses are discounted, the total
strain of the cable is:

&p; = &po; T & (28)
In this way, by denoting:

= = Op;\Epi
Ep; = Epi(ep;) = M (29)
epi
the secant modulus of the prestressing steel, the corre-
sponding stress in the cable op; can be written as follows:
ap; =
Opi = = Epi = Epi(epo; + &) (30)
pi
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With reference to a field of virtual displacements dq, the

internal work associated to the prestressing can be thus
evaluated:

. ol ne
oL = / SeapdV = / > Seiopidp;dx
v JO =l

I3

i=

1 ne
= 5qT{ / BT Z Lg,'FPISPOiAP[ dx}
0

de;Ep;(epoi + &) Ap; dx

i=1

!
+6qT{/BT
0

1
=—q"Fp +5qT{ / BTﬁdex}q
0

5q" (—Fp + Kpq)

Z EPiAPihPinx}q

i=1

- 31)
with hp; = h(e;) and where the matrices Hp = Hp(x, q)
and Kp = Kp(q) are the contributions of the cables to
the secant stiffness matrix of the cross-section x and of
the beam respectively, while Fp = Fp(q) is the vector of
the nodal forces equivalent to the prestressing. There-
fore, the equilibrium equations can be rewritten in the
following form:

(KM +KG+Kp)q:F0+F1+Fp+Q (32)

The previous developments directly apply to pre-
tensioned elements, in which the cables are always
adherent to the concrete matrix. Additional consider-
ations are due for post-tensioned elements, where the
cables are unbounded either during the first stage of
prestressing, or even for the whole service life of the
structure. In fact, when the cables are unbounded
the prestressing induces only a system of forces Fp. The
cables and the beam are compatible only at the ends and
the prestressing does not interfere with the cross-sec-

F. Biondini et al. | Computers and Structures 82 (2004) 1033-1052

tional stiffness (Kp = 0). Subsequently, if the ducts are
filled, the grouting enforces the compatibility along the
cable as well and induces a change in the stiffness
properties of the beam element (Kp # 0). Starting from
this new initial state, the structural analysis proceeds as
previously described for the pre-tensioned elements.

3.4. Constitutive laws

According to the assumed hypotheses, we refer to
suitable uniaxial stress—strain relationships [9]. The
stress—strain diagram of the concrete is shown in Fig. 6a.
The branch in compression is described by Saenz as
follows:

_ kn—n?

Oc =777 A SCU<SC§0
1+ (k—2)y

(33)
where k = Eéc1/fe, and 1 = & /&.. The branch in ten-
sion is defined by an elastic—perfectly plastic model. The
stress—strain diagram of reinforcing steel is assumed
elastic perfectly-plastic in both tension and in compres-
sion (Fig. 6b), while for prestressing steel the plastic
branch is assumed as non-linear and is described by the
following fifth order degree polynomial function (Fig.

6¢):
<@
oy

3.5. Numerical integration

_ % o830l

5
& = E, & - 07) s ey Slep| Sepu (34)

The characteristics of the reinforced/prestressed
concrete beam finite element must be obtained from the
numerical computation of the integrals previously
introduced. With this regard, it is worth noting that the
finite element presented in the present paper is different
from the so-called fiber elements [11], since the numeri-
cal integration is performed by higher order rules. In

Oc | sk
f
St
Ecu ‘961 “ Lo o _gsu _gsy - : -
I ! et G & gxy &u E g[’u &,
| : arctg EE0 s D
|
| -
[ Ly
|k
(a) (b) (©)

Fig. 6. Constitutive laws of the materials: (a) concrete, (b) reinforcing and (c) prestressing steel.



F. Biondini et al. | Computers and Structures 82 (2004) 1033-1052 1041

“ T‘ Lobatto

~<

1 /
1 =C
-1 \ X X

Legendre

|
G

Lobatto  —gg———ye——

8T~

Legendre *~—¢ ¥ *

Fig. 7. Subdivision of the finite element volume in isoparametric subdomains and locations of the Gauss integration points according

to both the Legendre and Lobatto rules.

particular, the area of the beam cross-section is firstly
subdivided in four-nodes isoparametric subdomains,
and a Gauss-Legendre and/or a Gauss—Lobatto
numerical integration is performed over each subdomain
and then along the whole element (Fig. 7).

3.6. Overall equilibrium

Finally, both the secant stiffness matrix K = Ky +
Kg +Kp and the vector of the total nodal forces
F=F,+F, +Fp of each element must be assembled
over the whole structure with reference to a global
coordinate system. Since the overall contribution of the
vectors Q vanishes, the equilibrium equations of the
whole structure can be formally expressed again as fol-
lows:

R=Kq=F (35)

For monotonic loads, the previous equations can be
effectively solved numerically through the secant itera-
tive technique shown in Fig. 8a, where both the restoring
forces R =R(q) and the applied loads F =F(q) are
depending on the unknown displacements q.

4. Measure of the structural performance
4.1. Basic limit states of failure

Based on the general concepts of reinforced and
prestressed concrete design, structural performances
should generally be described with reference to a speci-
fied set of limit states, with regards to both serviceability

FA K’/ K(q)'
Jray

R(q)
F) T i
R, / F(q)

v

(a Yo 4, 49y 9pe q

F A
Fo

R(q)

=
(b) q
Fig. 8. Secant iterative technique for the solution of non-linear

analysis problems. (a) Convergence in the general case
R(q) = F(q), and (b) divergence for R(q) = F,.

and ultimate conditions [9]: such limits separate desired
states of the structure from undesired ones.
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Splitting cracks and considerable creep effects may
occur if the compression stresses o, in concrete are too
high. Besides, excessive stresses either in reinforcing steel
os or in prestressing steel g, can lead to unacceptable
crack patterns. Excessive displacements q may also in-
volve loss of serviceability and thus have to be limited
within assigned bounds q~ and q*. Based on these
considerations, the following limitations account for
adequate durability at the serviceability stage (Service-
ability Limit States):

Sl: —0.< —ofe (36a)
S2: oo <oufy (36b)
S3: |op| Sopfpy (36¢)
S4: q <q<q" (36d)

where o, a5 and «, are suitable reduction factors of the
material strengths f;, f, and f.

When the strain in concrete &, or in the reinforcing
steel &, or in the prestressing steel ¢, reaches a limit
value &, &u OF &y, respectively, the collapse of the
corresponding cross-section occurs. However, the col-

il i) |:|
1 ! h
- > A3
411 l 411 l 411
o Q
- > A3

FAE— DR ———-

Fig. 9. Prestressed two-span continuous beam [16]. Cable
profile and load condition.

lapse of a single cross-section does not necessarily lead
to the collapse of the whole structure, since the latter is
caused by the loss of equilibrium arising when the
reactions R requested for the loads F can no longer be
developed (see Fig. 8b). Thus, the following basic ulti-
mate conditions have to be verified (Ultimate Limit
States):

Ul: —¢< —én (37a)
U2: &l <eém (37b)
U3: g <ép (37¢)
U4: F<R (37d)

Additional limit states of failure may also be intro-
duced, depending on the nature of the specific structural
problem under investigation.

200
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150 o]
- //
=3 %
< 100
T
[
o %
-

50 f/é —O—Experimental

—A—Numerical
0
0.0 0.5 1.0 1.5 2.0 25 3.0

Displacement d [cm]

Fig. 10. Diagrams of the live load Q vs the corresponding
displacement d at the middle span: comparison between
numerical and experimental results.
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Fig. 11. Diagrams of the load multiplier 4 vs the maximum displacement 4, for the nominal structure (black—M) and for some fuzzy
simulations (gray—[]) associated to the a-levels (a) [0.70-1.30], and (b) [0.95-1.05].
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4.2. Load multiplier and safety factor the relationship y = y(x) between such quantities and
the fuzzy variables x is generally available only in an
The limit state functions A(y) <0 previously intro- implicit form, a check of the structural performance
duced refer to internal quantities of the system y. Since needs to be carried out at the load level. To this aim, it is
T
U4 ————
F<R I
! ——— |
U3 ]
I
le,| < £, e s
1 ) I
02 =
le|<e,, —
e >
U1 I L —
—£,5-¢,, _
|
S4 1 ]m i
I
q <q=q’ e
I
s3 | | ———— i I I
‘o-p| = @, J; Py
1 1 . 1 1 1 1 1 I
S2 =]
=
lo.|<a.f, —_—
e
1 I_ 1 1 1 1
S1 =
-o.<-a.f, —
]
I | I 1 I L I
0 2.0 4.0 6.0 8.0

limit load multiplier A,

Fig. 12. Membership functions of the limit load multiplier at failure for each limit state. The response interval for each a-level has been

obtained from a genetically driven anti-optimization process.
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(a) limit load multiplier A7 (b) limit load multiplier ¢

Fig. 13. Histograms of the limit load multiplier A after about 400 simulations. (a) Random choice of data. (b) Genetically driven
simulation.
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Fig. 15. Cable-stayed bridge over Cujaba River in Brazil. Two
photographic views of the bridge during construction.

useful to assume F = G + 1Q, where G is a vector of
dead and prestressing loads and Q a vector of live loads
whose intensity varies proportionally to a unique scalar
multiplier 2 = 0. In this context, the limit load multiplier
A= Ap associated to the violation of a limit state of
failure, assumes the role of safety factor and the reli-
ability of the structure against the nominal value of the
loads has to be verified directly by checking the fol-
lowing limit state condition:

)vF > ;Vmax (38)

where An.x 1s a limit threshold of the load multiplier
associated to each given limit state.

5. Applications

In the following, the fuzzy reliability analysis is used
to model the structural behavior a prestressed concrete
continuous beam and to support the design decisions
regarding a segmentally erected cable-stayed bridge.

The first application regards a test beam, experi-
mented by Lin [16], and intends to show, for a relatively
simple structure, the level of detail allowed by non-linear

analysis, the good accordance between experimental and
numerical results and the effects due to the fuzziness of
input data on the structural response.

The second application intends to show how such
analyses can be performed also on relatively complex
structures and how they allow us to support the design
decision through a whole estimation of the structural
behavior in presence of many and critical sources of
fuzziness.

5.1. Prestressed concrete continuous beam

The two-span post-tensioned concrete continuous
beam shown in Fig. 9 is considered [16]. The span length
is / = 7500 mm, and the dimensions of the rectangular
cross-section are b = 203.2 mm and 4 = 406.4 mm. The
beam is reinforced with 2 bars 14 mm (45 = 153.9
mm?) placed at both the top and bottom edge with a
cover ¢ = 32.4 mm. The prestressing steel cable consists
of 32 wires &5 mm (4, = 19.6 mm?) adherent to the
concrete, having a straight profile from the ends of the
beam (e; = 0) to the middle of its spans (e; = —50 mm),
and a parabolic profile from these points to the middle
support (e; = 88 mm). After the time-dependent losses,
the nominal prestressing force at the beam ends is
Poom = 527.5 kN. This force decreases along the beam
because of the losses due to friction. A curvature friction
coefficient = 0.3 and a wobble friction coefficient
K =0.0016 rad/m have been assumed. The nominal
values material properties are:

fonom = —41.3 MPa, &0 = —2%o0, £ = —3.4%,
Eeu = 261 (393)

Siynom = 314 MPa, E; =196 GPa, &, =16% (39b)

= a, FE,= a, & = 1% C
Joynom = 1480 MPa, » = 200 GPa, ou = 1% (39¢)

Table 1
Design values of the material properties and levels of pre-
stressing

Concrete peak strength (deck) fe -22.6 MPa
Concrete peak strength (pylons)  fc -19.8 MPa
Concrete peak strain &l -0.002
Concrete ultimate strain Ecu —-0.0035
Reinforcing steel strength Joy 383 MPa
Reinforcing steel Young modulus £ 205 GPa
Reinforcing steel ultimate strain = &, 0.01
Prestressing steel strength Joy 1617 MPa
Prestressing steel Young modulus E, 195 GPa
Prestressing steel ultimate strain &, 0.015
Prestressing stress (deck) Opo 1000 MPa
Prestressing stress (stays) Opo 500 MPa
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Fig. 16. Step-by-step non-linear analysis of the cable-stayed bridge

(nominal structure) under the dead loads and a live load uniformly

distributed over the whole central span. (a) Two-dimensional model of the bridge. Distributed of cracking (shaded area) at collapse in
both (b) the deck and (c) the pylons. Slackness in both (d) the segment of the deck and (e) the stays.

with a weight density of the composite material y = 25
kN/m3. Besides the self-weight, the beam is loaded with
two concentrated loads having nominal value Qo = 50
kN and placed at the distance a = 4880 mm from each
end, as shown in Fig. 9. For this load condition, the
serviceability limit states are detected assuming
o, = 0.45, oy = 0.80, o, = 0.75, ¢g* = 1/400.

The reliability analysis is carried out assuming the
following quantities as uncertain:
e the strengths of concrete and of both reinforc-
ing and prestressing steel for each of the 10
finite elements that compose the beam (30 vari-
ables);
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e the prestressing force of the strands (1 variable);
e the value of the live loads (1 variable).

These 32 fuzzy variables x = [x; x, X3 }T are
assumed to have a triangular membership function with
unit height for the nominal value x,o, and interval base
[0.70-1.30]x40m. Seven o-levels of membership are con-
sidered, corresponding to the followings dimensionless
intervals of uncertainty:

[0.70-1.30] = £30
[0.75-1.25] = £25%
[0.80-1.20] = £20%
[0.85-1.15] = £15%
[0.90-1.10] = £10%
[0.95-1.05] = £5%
[1.00-1.00] = £0%

Fig. 10 allows us to appreciate the good accordance
of the non-linear analysis of the nominal structure with

1047

the experimental results. The diagrams in Fig. 11 show
the interval response obtained from some simulations
associated to the a-levels [0.70-1.30] and [0.95-1.05],
respectively. The membership functions of the limit load
multipliers 4z associated to the basic limit states previ-
ously defined are finally presented in Fig. 12, where the
response interval for each o-level has been obtained
from a genetically driven anti-optimization process.
Assuming a limit threshold A, = 1 the limit states are
not violated and the structure is safe. For increasing
values of the limit threshold A,.x the violation of the
third serviceability limit state S3 (concerning the stress in
the reinforcing bars) never appears, while for the other
limit states the spread of the uncertainty can be appre-
ciated, especially for the larger a-levels. With this regard,
it is worth noting that uncertainties larger than 15%
seems to appear critical, in particular for the ultimate
limit states. Finally, the effectiveness of the genetic
algorithm in driving the simulation process should be
highlighted. Fig. 13 shows the histograms of the limit

T T

b m o

T
I

(a)

T T
F DAL W 3 T

(b)

Fig. 17. Model of the typical cross-section of both (a) the deck and (b) the pylons. Subdivision of the concrete area and distribution of

both the reinforcement bars and the prestressing cables.
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Fig. 18. Bending moment (horizontal axis)-axial force (vertical axis) limit state curves for both (a) the deck and (b) the pylons. In the
diagrams are also plotted the load points corresponding to the evolution of the stress in the Gauss section of the structure for the

loading case of Fig. 15.

load multiplier A resulting from a sample of about 400
simulations, performed for a given o-level and by
assuming alternatively: (a) a purely random choice of
data, and (b) a genetically driven simulation. A com-
parison of the results leads us to the appreciation of the
higher capability of the genetic search in exploring the
regions of the response interval where the limit state
violations tends to occur with higher frequency.

5.2. Cable-stayed bridge

The second application concerns the sensitivity
analyses carried out to support the design decisions
regarding a cable-stayed bridge designed by the late
Francesco Martinez y Cabrera and recently built over
Cujaba River in Brazil (Figs. 14 and 15). The pylons of
the bridge are cast-in-place, while the deck is completely
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precast and subdivided in 80 segments which are con-
nected between themselves only by the shear friction
assured by the prestressing forces. The design values of
the material properties and of the initial prestressing in
both the deck and the pylons are listed in Table 1. Be-
sides the dead load g due to the self-weight of the
structural and non-structural members, a live load
q = 100 kN/m applied along the bridge deck is consid-
ered.

To the aim of the reliability analysis, the following
quantities are considered to be uncertain (see Table 1 for
the nominal values):

o the strength of the concrete in each segment of
the deck (80 variables) and in each pylon (2 vari-
ables);

o the prestressing force in each cable (32 variables);
the prestressing force in each stay (78 variables);
the live load acting on each segment of the deck (80
variables).

Such 272 variables x =[x; x; ... xm ]T are mod-
eled using a fuzzy criterion. The 190 variables which
describe the concrete strengths and the prestressing
forces are continuous with a triangular membership
function having unit height for the nominal value xom
and interval base [0.80-1.20]xnom. The 80 variables
associated to the live load are instead defined over the
discrete set [0; xpom] With the same degree of membership
for both the values, which means that the nominal load
may be present or not on each segment of the deck with
the same level of uncertainty.

The reliability of the bridge with respect to the ulti-
mate limit states only is investigated. Besides the basic
failure criteria previously introduced, additional limit
states are considered in order to account for the specific
nature of the structural system. In particular, since the
effectiveness of the connections between the segments
which form the deck is depending on their level of
compression, a limit state of decompression is assumed
to be violated when the strain in concrete ¢, reaches a

conventional strain limit in tension ¢g = 0.0002. A
higher degree of failure of the connection is also con-
sidered to occur when the amount of cracked area A,
over a section reaches 1/3 of its total area A4.. Based on
the same concept, also the slackness of the stays denote a
failure condition which occurs when the strain in the
steel ¢, is no longer positive. Based on the previous
considerations, the following three additional ultimate
limit states have to be verified:

U5: & <ég (in the deck only) (40a)
U6: 34, <A (in the deck only) (40b)
U7: —g,<0 (in the stays only) (40c)

For the non-linear analysis of the structure, the deck
and the pylons are modeled by using the reinforced/
prestressed finite beam element previously presented.
The stays are instead modeled using a truss element
having axial stiffness only if its total strain is non-neg-
ative. Besides the already mentioned mechanical and
geometrical non-linearity, the formulation of such ele-
ment takes also into account the characteristic tension-
hardening behavior due to the change in sag of the stays.
The contributes to the truss element stiffness matrix and
to its nodal force vector are then derived in an analogous
way like for the beam.

The two-dimensional model of the cable-stayed
bridge is shown in Fig. 16, together with some of the
results obtained by a step-by-step non-linear analysis
based on the nominal value of the variables which
define the structural system and assuming the live load
as uniformly distributed over the whole central span.
Fig. 17 shows a typical subdivision adopted for the
cross-section of both the deck and the pylons, as
well as the corresponding distribution of both the
reinforcing bars and the prestressing cables. Moreover,
Fig. 18 shows the bending moment-axial force inter-
action curves of both the deck and the pylons associ-
ated to the limit state of sectional failure (limit states
Ul, U2 and U3). In the same diagrams the point

Table 2

Limit values of the live load multiplier for different load conditions (nominal structure)
Limit state 1 2 3 4 AF min

Lj ] 1 13 L] ] I ]
4, 1. 4, %

Ul 10 5.5 5.7 - 5.5
U2 - - - - -
U3 - 5.5 - - 5.5
U4 10 5.5 5.7 6.0 5.5
uUs 4.1 1.6 1.7 1.9 1.6
18[) 5.4 3.8 2.6 2.3 2.3
u7 - 5.5 5.7 5.9 5.5
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Fig. 19. Membership function of the load multiplier at failure for the o-level equal 0.5 derived by (a) a random sampling method, and
(b) a genetically driven anti-optimization process (data samples of about 5000 simulations in both cases).

loads corresponding to the evolution of the stress

plotted for the loading case shown in Fig. 16. The
state in the Gauss section of the structure are also

limit values of the live load multiplier associated to
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several loading conditions are finally resumed in
Table 2.

Based on the previously introduced models, a genetic
anti-optimization problem has been solved for several o-
levels. Fig. 19 shows the histograms of the limit load
multiplier 1 obtained for the o-level equal to 0.5, or by
assuming the continuous fuzzy variables as varying in the
interval [0.90-1.10]x,,n. For such level, the convergence
of the search process has been achieved after a total of
about 5000 simulations. First of all, Fig. 19 highlights the
higher capability of the genetic search in exploring the
regions of the failure domain associated to the lowest
values of the minimum limit load multipliers. In fact,
with respect to the histograms shown in Fig. 19a, de-
duced from a purely random search on a sample having
the same size (about 5000 simulations), the histograms
obtained by solving the anti-optimization problem and
shown in Fig. 19b are translated on the left along the
horizontal axis, or towards more critical configurations
for the structure. Finally, the histograms of Fig. 19b
show that, for the nominal value of the live load
(Amax = 1), the monitored limit states seems to be fully
verified with the exception of the case US. With this re-
gard, since the prestressing action tends to balance the
dead loads, it is worth noting that some minor localized
violations of the decompression condition of the deck for
A =0 were expected and verified as not critical for the
global reliability of the structure. Based on such con-
siderations, the cable-stayed bridge appears to be safe
with respect to the considered o-level. Analogous con-
siderations can be made for other levels of uncertainty.

6. Conclusions

In this paper, a general methodology for the fuzzy
reliability analysis of structural systems has been pre-
sented and specialized to the case of reinforced and
prestressed concrete structures. The reliability problem is
formulated at the load level and the membership func-
tion of the safety factor over the failure interval is derived
for several limit states by solving the corresponding anti-
optimization problems. Particular attention is paid to
both the solution of the optimization process, based on a
genetic algorithm, and the structural analysis techniques,
which exploit the potentiality of a reinforced/prestressed
beam finite element able to take both material and geo-
metrical non-linearity into account. The results of two
applications, one on a prestressed concrete continuous
beam and the other on a cable-stayed bridge, show that
the proposed procedure is effective both in easily han-
dling implicit formulation of the performance relation-
ships, as well as in performing system-level evaluations
even for large structures.

As a concluding remark, it is worth noting that the
proposed fuzzy approach should not be considered as

alternative to a purely probabilistic formulation, given
that the two methods account for different aspects of the
same problem. In fact, as known, the fuzzy theory al-
lows a treatment of uncertainty due to lacks of infor-
mation, while the probability theory is based on a
perfect knowledge about the stochastic variability
resulting from the random nature of the same quantities.
However, it also have to be noted that an autonomous
approach to the reliability structural assessment, like the
probabilistic formulation proposed by the codes, should
find a higher rationality in a fuzzy approach which, due
either to the real nature of the involved uncertainties, or
to a higher simplicity of the mathematical formulation,
seems to be more suitable for design purposes.
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