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ABSTRACT

The optimum design of concrete structures under static loads as regards both serviceability
and ultimate limit conditions is presented. The procedure is oriented to the optimal design of
R.C. frames but it is also suitable for other kind of structures. Design variables include either
the shape and the dimensions of the concrete cross-sections, or the amount and location of the
reinforcement. The objective of the design process is to minimise the structural cost of the
system according to side and behavioural constraints. The optimal solution is achieved by
using genetic algorithms, non deterministic heuristic search methods which formulation is
based on some analogies with the principles which regulates the natural selection of the
biological systems. The structural analyses needed for the solution process are performed by
taking mechanical and geometrical non-linearities into account. The method of analysis is
based on the finite element technique by means of a suitable composite beam element. An
application to the optimisation of a R.C. frame shows the effectiveness of the presented
procedure.
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1. INTRODUCTION

The structural design usually involves an iterative process in which the designer, based not
only on his knowledge, but also on his experience and intuition, moves from a set of possible
feasible and unfeasible solutions toward the feasible one which appears to be the most suitable
for his purposes. Typically, the most economic design is searched for. This trial-and-error
procedure may be tedious and computationally very expensive, especialy when the structural
system is far from the assumption of linear behaviour, which usualy happens for concrete
structures. Moreover, it doesn't give any guarantee as to both the optimality or the near-
optimality of the adopted final solution. One way to overcome these drawbacks and
limitations, is to frame the design problem within the field of the structural optimisation,
which can provide very powerful anaytical and numerical tools for a direct approach to the
optimum structural design (Rao 1996).

Of course, interest about the practical application of the optimisation theory is
progressively growing in many areas of structural engineering. Over the years alot of research
related to either deterministic or probabilistic design of reinforced and prestressed concrete
structures has been developed (Kirsch 1993, Cohn 1994, Cohn & Dinovitzer 1994). Two main
directions have been followed, the analytica way, based on optimality criteria (Adamu &
Karihaloo 1995, Han et al. 1996), and the numerica way, based on mathematical
programming methods (Kirsch 1983, Cohn & MacRae 1984, Kanagasundaram & Karihaloo
1990, Bontempi et al. 1998a, Biondini 1998). To this regard, the numerical methods certainly
allow for a powerful structural synthesis, but their computational effectiveness is limited by
the dimensions of the optimisation problem. On the contrary, when the dimensions of the
problem increase, analytical approaches generally tend to be more efficient than the numerical
ones, but, despite this, their practical application is usually restricted to very simple structures.
Therefore, adthough a wide number of different techniques have been employed, not one of
them appears fully satisfactory for a broad class of different structural problems. Moreover,
since structural quantities are generally rounded over discrete intervals, additional drawbacks
may arises when the design variables are not continuous but discrete-valued. In these cases
exhaustive or enumerative search methods may be certainly used, but their practica
applicability islimited to very small search spaces.

One of the most promising research fields which has been recently applied to structural
optimisation deals with non deterministic heuristic methods which operate on the basis of some
analogies with the growing and the evolutionary processes of biological systems (Steven et al.
1998). These methods have shown to be fairly robust and effective because, since only function



values are usually required, they easily handle non convex problems with non differentiable
functions and either discrete or continuous variables (Chong & Zak 1996, Rao 1996).

Genetic algorithms are search procedures which belong to this class of heuristics from
nature. Based on the principles of the natural selection, they combine Darwin's principle of
the survival-of-the-fittest and a non deterministic structured information exchange to build an
efficient search mechanism (Goldberg 1989, Michaewicz 1992). Despite their heuristic
nature, genetic algorithms operate according to strong theoretical foundations (Holland 1975)
which assure a high level of performance. Such agorithms have been successfully applied to
many classes of structural problems, especially dealing with truss (Jenkins 1991a, 1991b,
Rajeev & Krishnamoorthy 1992, Dhingra & Lee 1994, Ohsaki 1995, Rgjan 1995, Wu & Chow
1995a, 1995b, Galante 1996, Ragjeev & Krishnamoorthy 1997, Shrestha & Ghabouss 1998) and
frame structures (Jenkins 1992, Grierson & Pak 1993).

In this paper, a systematic approach to the optimal design of concrete structures by using
genetic algorithms is presented. In particular, the procedure is oriented to the optimal design
of concrete frames but it is also suitable for other kinds of structures. Design variables include
either the shape and the dimensions of the concrete cross-sections, or the amount and location
of the reinforcement over the structure. Since the concrete dimensions and the location of the
reinforcement are usualy required as discrete quantities (f.i. whole centimetres) and the
reinforcing bars are manufactured in standard sizes, the design variables are suitable to be
treated as discrete-valued. The objective of the design process is to minimise the structural
cost of the system according to side and behavioura constraints. In particular, both
serviceability and ultimate limit conditions are considered to formulate the design constraints.

At first, the optimisation problem as regards the structural cost minimisation is
formulated. Subsequently, the main features of the genetic algorithms as well as their
theoretical foundations are exposed. Since the search technique requires the evauation of
functions which are implicitly related to internal quantities of the system (i.e. geometrical and
material properties, stresses, strains, forces, displacements, etc.), repeated structural analyses
are needed during the solution process. In this paper, the structural analyses are performed by
taking mechanica and geometrical non-linearities into account. As regards this, the method of
analysis, based on the finite element technique by means of a suitable composite beam
element, is briefly recalled (Bontempi et al. 1995, Malerba 1998). Finaly, an application to
the optimisation of a reinforced concrete frame shows the effectiveness of the presented
procedure.



2. OPTIMUM STRUCTURAL DESIGN

2.1. Formulation of the Optimization Problem

The problem of the optimum structural design consists of finding a set of design variables (i.e.
geometrical and material properties, amount and location of the reinforcement, etc.) which
accounts for assigned design congtraints (on stresses, strains, forces, displacements, etc.) and
optimises one or more given target requirement (structural cost, structural weight, strength,
ductility, etc.). Therefore, from a mathematical point of view, the purpose of a one-target
design process is to find a vector x which optimises the value of an objective function f(x),
according to either side constraints with bounds x and x*, or inequality g(x)£0 and/or

equality h(x)=0 behavioural constraints. Since, without any loss of generality, minimisation

problems only may be considered, the previous optimisation problem is cast in the following

form:
rxrgiglf(x) (1.8
D={ x | X £XEX*, g(X)£0, h(x)=0 } (1.b)

which, in the general case, represent a non-linear programming problem.

2.2. Objective Function

As aready mentioned, several quantities able to represent the structural performances may be
chosen as target requirements for the optimal design. In this work, the adopted objective
function is related to the total cost C(x) of the structure. In particular, the sum of the costs of

the component materials, concrete and reinforcing steel, is considered:

Cx)=cVc+CV, 2

where V_(Xx), V,(x), are the total volumes of the concrete and of the steel, respectively, and
C., C,, arethe corresponding unit costs. It is clear that additional cost components, i.e. cost of

formwork and so on, may be considered in the present formulation. In any case, it should be
noted that the function C(x) represents a consistent criterion to compare different designs

rather than the actual structura cost in a strict sense.



Since unit costs are usually not depending on the vector x, the optimisation problem is

implicitly defined by the unit cost ratio c=c,/c, . Therefore, the objective function is

assumed as follows:

f(x)=V, +cV, 3)

2.3. Constraints and the Penalty Function M ethod

The dimensions and the components of the vectors g(x) and h(x) which define the behavioura

constraints are clearly depending on the particular design problem which has to be solved.
However, at this stage, it is important to outline that direct search strategies of the optimal
solution, like genetic algorithms, often cannot directly take behavioura constraintsinto account.

One way to handle such constraints is to penalise infeasible vectors xI D by adding to
the objective function a penalty term p(x)2 0, whose value is zero if no constraint violation
occurs and is positive otherwise. In other words, the original constrained optimisation
problem is transformed into the following unconstrained form:

minj (x) (4.9)
E={ x | x £x£x* } (4.)
being:

 (9=100+p(x) ©)

the new penalised objective function which has to be optimised within the side-bounded,
obviously convex, feasible domain EED.

Of course, the choice of a suitable penalty function p(x) represents a critical point in
establishing the effectiveness and the robustness of the search technique. Here, this function is
defined as follows:

p(X) =P, +Dp=p,+ pg'Gg+ p;h'h (6)

where the terms p 2 0, with i=0,1,2,are penalty coefficients and G(x) is a diagonal matrix

whose k™ diagona term G, (x) is given by the Heaviside operator applied to the corresponding



inequality constraint:

10 if g, (0£0

G (x)=H[g.()]=] _
11 ,if g.(x)>0

(")

A proper value of the coefficient p, should be set in such a way that the worst feasible
solution x,,1 D is better than the best unfeasible one x I D, or j (x,)<j (Xg). This

condition can be achieved at each iteration t by continuously updating its value during the
search process, f.i. by assuming (Powell 1983, Michalewicz 1992):

:‘!O Jf xI D

P (X,t) (8)

fmax f (x.t)- rpl%x[f (x)+Dp(x,t)]>0 ,if xXI D

Although such an assumption should be itself enough to lead the procedure toward an optimal
solution xI D, non zero constant values of the parameters p, and p, yield to a weighted
measure of the behavioura constraint violations which assures a hierarchical arrangement of
the explored set of possible solutions xI E. As will be pointed out, such classifications may
assume an important role for those optimisation techniques which, like genetic agorithms,
process contemporarily a population of possible solutions rather than a single candidate.
Moreover, since some minor degree of constraint violations is often acceptable in design, a
good enough unfeasible solution may be selected if no economic feasible solutions appear.

3. GENETIC ALGORITHMS

3.1. Introduction

Genetic algorithms are heuristic search techniques which belong to the class of stochastic
algorithms, since they combine dements of deterministic and probabilistic search (Goldberg
1989, Michalewicz 1992). Their formulation is inspired by the principles of the natural
selection which associate a well structured information exchange to the fundamental principle
of the survival-of-the-fittest enunciated by Charles Darwin (1859) as the main evolutionary
principle. For this reason, genetic algorithms borrow much of their terminology from genetics.

The search strategy works on a population of individuals subjected to an evolutionary
process where individuals compete between them to survive in proportion to their fitness with



the environment. In this process, population undergoes continuous reproduction by means of
some genetic operators which, because of competition, tend to preserve best individuals. From
this evolutionary mechanism, two conflicting trends appear: exploiting of the best individuals
and exploring the environment. Thus, the effectiveness of the genetic search depends on a
balance between them, or between two principal properties of the system, population diversity
and selective pressure. These aspects are in fact strongly related, since an increase in the
selective pressure decreases the diversity of the population, and vice versa.

The structure of an individual (genotype) consists of a number of chromosomes
containing structured information about its meaning in the environment (phenotype). Usualy,
just individuals formed by a single chromosome are considered. A chromosome consists of
units, called genes, whose locations within the chromosome itself are caled loci. Finaly, a
gene can be in severd states, called alleles.

In the following, some details about the trandation of these evolutionary concepts in
heuristic rules suitable for mathematical optimisation, are presented. The theoretica
foundations of the genetic algorithms, which distinguish them from a purely random search,
are also briefly recalled.

3.2. Population and Environment

With reference to the optimisation problem previously formulated, a population of mindividuals

belonging to the environment E represent a collection X of m possible solutions x, 1 E:
X={x, X, .. X,} (9)
each defined by a set of n design variables x:

X =[x x5 .. X7  ,k=L..m (10)

Evolution starts from an initial population X, selected by means of a seeding process, where
mindividuals x| E are generated at random or heuristically deduced on the basis of some

knowledge about the distribution of the fitness within the environment.

The population size m clearly influences the evolutionary process and then the
effectiveness of the genetic search (Sven & Schmid 1993). In fact, if its value is too small,
population diversity cannot be assured and the genetic algorithm may converge too quickly.
Conversdly, if it istoo large, selective pressure cannot be adequately exerted and the waiting
time for an improvement may be too long.



3.3. Fitness Function

The fitness of each individual x is measured by a scalar function F(x)2 0 which increase with

the adaptability of x to its environment E. Therefore, as regards the optimisation problem, the
fitness function is related to the penalised objective function j (x) asfollows:

_J (Xg)

F(x)= 11
(X) & (11)

In this way, the fitness of the best individual X in the current generation eguals unity, or
F(x)I [0;1]. Moreover, the already mentioned role played by a proper choice of the penalty
coefficients p, and p,, now clearly appears. In fact, a vectors x which violates some
behavioural constraints is allowed for a propagation of its genes during reproduction in
proportion to its degree of violation, so that higher genetic diversity of the population is
preserved. However, to assure an actual balance between population diversity and selective
pressure, some additional criteria are needed.

3.4. Scaling

Therole of population diversity and selective pressure in the evolutionary process is now further
examined. To this purpose, it is useful to introduce a saturation ratio O£S£1 defined as
follows (Gaante 1996):

F (12)

where F and F__, are the average and the maximum fitness over the population X,
respectively:

F=—Q F(x,) F._. =maxF(x,) (13)

max

1
ml k=1,...m

Qos

=
1

Saturation is very low if the current population contains a few extremely good individuals, so
that their fitness is very high with respect to the fitness of the remaining population. In this
case, since reproduction happens in proportion to the fitness, the resulting population tends to
contain only copies of these super-individuals and the environment cannot be adequately



explored. Lower values of saturation are then associated to a loss of population diversity. On
the contrary, saturation results very high if the current population consists of individuals
having approximately the same fitness. In this case, the population tends to be reproduced
without alterations and it is difficult to exploit the best individuals. Higher values of saturation
are then associated to a loss of selective pressure. Therefore, in both the mentioned cases, the
search strategy may be not effective.

To reduce such problems, reproduction should be performed only after the saturation
ratio has been tuned on a proper value, f.i. S=0.50. This is achieved by scaling the fitness
function to obtain a new function F (x)3 0 which is used to regulate the reproduction. In the

following, alinear scaling is adopted:
F(X)=F,+F,F(x) (14)

where the coefficients F , and F, are chosen as a function of the saturation S. <o that the

average fitnessis mapped onitself, i.e. F =F :

Foz(& I:max- Ifllf Flzﬁ (15)
S:(Fmax_ F) SZ(Fmax_ F)

In this way, reproduction happens aways with reference to a proper level of saturation.

However, depending on the minimum fitness F_,, over the population X:

n

F . :kr_rl1ian(xk) (16)

linear scaling may lead to negative values of the scaled fitness F (x) . For thisreason, S. has
to be set no lower than the following critical value (Shrestha & Ghaboussi 1998):
F-F,_.

S, =——™— 17

’ l:max - l:min ( )
which leads to a zero scaled fitness for the worst individua x,, in the current population,
l.e. F(x,,)=0 if S.=S,. Alternatively, negative values can be avoided by adopting
non-linear scaling, f.i. exponential or power scaling. Nevertheless, linear scaling with
S; 2 S, isshown to be good enough in most applications (Michalewicz 1992, Haslinger &
Jedelsky 1996, Shrestha & Ghaboussi 1998).



3.5. Coding

Genetic algorithms work with a coded representation s(x) of the individuals x rather than the
individuals themselves. In particular, they are usualy coded by strings of ¢ characters (genes)
arranged in successive positions k=1,...,/ (loci) and having some feature values s, (alleles):

sx)={s s, .. s} (18)

Of course, the feature values s, may belong to alphabets A, having different cardinality z,
(Haslinger & Jedelsky 1996):

A={a a .. a } kal./ (19)

even if the sasme alphabet A=A, isusually adopted for each character k.

In any case, ared vector x can be coded as a constant length string s(x) in many different

ways. In this paper, each design variable x, iscoded in asub-string §5(x) of ¢, characters:

s)={s s, - s} i=L.n (20)
by using the binary alphabet (z=2):
A={0 1} (21)

Such sub-strings are subsequently concatenated head-to-tail to form one long string s(x)
having total length:

=40 (22)
i=1
In particular, alinear coding is adopted as follows.
X=X +C(x*-x") (23)
where C(s) isadiagona matrix whose i diagonal term C, isgiven by:
018
=yl s (24)
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In this way, since each binary string s(x) of length ¢, can represent 2" different values, the
domain of the corresponding design variable x, isimplicitly subdivided into (2" - 1) intervals

of amplitude:

X" - X

=iy i=1..n (25)

Therefore, if the design variables x, are discrete and their values are equally spaced over
intervals of amplitude D, , the string lengths ¢, consistent with the adopted linear coding are

evaluated as follows:

£i3logzgl+xi ~ X 8 i=1..n (26)
2

where only a part of the available discrete values have to be allowed if strict inequality holds.
Finaly, it is outlined that nothing is lost in generalisation if some design variables are
continuous. In fact, they can always be discretised in according to the previous requirements.
However, if equally spaced intervals are not consistent with the nature of the design variables,

non-linear coding is required.

3.6. Genetic Operators

As mentioned, the reproduction of the population during the evolutionary process is regulated
by means of some genetic operators. In the following, three basic operators, selection,
crossover and mutation, are briefly described.

Section identifies the individuals of the current population who are selected as parents
to reproduce offspring during the next generation. In particular, based the principle of the
survival-of-the-fittest, individuals are selected according to their fitness with the environment
in such a way that the best get more copies, the average stay even and the worst die off.
Several methods are available for the selection process. Here, the roulette-wheel selection
method is applied. At first, the probability of selection pg(x,) for each individua K is

evaluated in proportion to its scaled fitness value F (X, ) :

11



ps(x)= ) k=1 m (27)

aF (x)
k=1

Subsequently, the corresponding distribution of the cumulative probability Ps(x,) isderived:

PSk(Xk):ék. Psi(%) ,k=L..m (28)

i=1

Finally, arandom number RI [0;1] is generated mtimes and each time the individual k such that:

Ps (X, 1) EREPS(xy) (29)

is selected for the next generation. In this way, as mentioned, the resulting population, whose
size m is unchanged, tends to consist of multiple copies of higher fitness individuals, single
copies of average fitness individuals and no copies of lower fitnessindividuals.

Crossover isthe primary operator in genetic algorithms and works by selecting pairs of
individuals for mating. Since this combination implies an information exchange, offspring
generated by crossover are not generally simple copies of the parents. Selection for crossover
Is assumed to happen with a predetermined probability p., so that the expected individuals

who undergo mating are mp. . In particular, a random number Ri [0;1] is generated m times
and each time the corresponding individual is selected for crossover if RE p.. Subsequently,

for each couple of selected parents, depending whether single-point or multiple-point
crossover is used, one or more crossover location |=1,...,¢/ are randomly selected. The
resulting sub-strings are then mutually interchanged to create two new offspring which must
replace the parents in the next population. For example, a single-point crossover in position k
for the following couple of parents:

100 ={s8 .. B| s . sf)

i (30)
fstx)={s¢ s¢ .. s¥| sg .. s¥}

results in the following couple of offspring:

ps®q)={st s¢ .. s¢| sk .. s¥}

i (31)

12



With analogous criterion, atwo-point crossover in positionsi and k:

isﬁ{x)={s§ o S Sy $| sty .. st}
|
fstx)={st .. s¢ 8 .. .. | sk, .. st} (32)

leads to the following couple of offspring:

bt ={sf .. s s . . $| by .. st}
|
ist) ={s .. s st .. .. £ sy .. st} (33)

and so on for higher degrees of mating. Multiple-point crossover is usually adopted because,
especially for very long strings, it tends to provide a greater explorative power during the
genetic search than single-point crossover. In addition, a high probability of crossover p. is
typicaly set to alow alarge amount of information exchange among individuals before they
are discarded from the population.

Mutation operates at the level of the single character by altering the corresponding
feature value. In particular, using a binary alphabet, the character is mutated from O to 1 and
vice versa. Selection for mutation is assumed to happen with a predetermined probability p,,,
so that the expected characters who undergo ateration are /p,, for each individual, or m¢p,,
over the whole population. In particular, a random number Ri [0;1] is generated ¢ times for
each individual and each time the corresponding character is selected for mutation if RE p,, .
Although mutation is usually considered as a secondary operator, it actually gives an
important contribution to the search effectiveness. In fact, mutation introduces new genetic
features at the gene level, which cannot be produced by simple selection or crossover. The
higher diversity so enforced leads to extend the search in the neighbourhood of the atered
individuals and allows to restart the evolutionary process when a too high saturation level is
reached. However, to avoid the algorithms behaving as a random search method, a low
mutation probability p,, istypically set.

Of course, depending on the nature of the problem, the performances of the genetic

algorithm may be improved by introducing additional genetic operators (Michaewicz 1992).

13



3.7. Generation Gap

The genetic operators just described lead to replace the whole population at each generation.
However, depending on the population size, this may lead to either a large number of fitness
evaluation, or a disruption of the current genetic structure. In both cases, effectiveness of the
search process may be substantially reduced. To avoid these drawbacks, a steady-state
approach, where only afew individuals of the population are replaced at each generation, can
be used. This is achieved by applying the genetic operators to mG individuals rather than to the
whole population, being G£1 a generation gap which control the percentage of the
population to be replaced (Wu & Chow 1995b).

3.8. The Schema Theorem

The mathematical theory of genetic algorithms has been developed by using the concept of
schema (Holland 1975). A schema H(x) is a similarity template which represents a set of
strings S(x) having the same feature values s, at certain fixed positions k. They are usually

represented by strings constructed over alphabets A, having cardinalities (z, +1):
A={a a .. a, * k=1,...,¢0 (34)

where the meta character * within a schema H(x) represents all the possible feature values

sT A at certain don't care positions i. For example, by considering strings constructed over

the binary alphabet A={0 1} and having length /=5, the schema:
Hx)={0 » 1~ 3 (35)
matches the following set of four strings.

_‘._s(x):{O 010 1}
isx)={0 1 1 0 1}

1s0={0 0 1 1 1} (36
fso={0 1 1 1 1}
Of course, the schema:
HX)={s s .. s} (37)

14



collects only one string, while the schema:

Ho)={* * .. *} (39)

represents all the strings s(x). In general, a schema H(x) constructed over a same alphabet A’
of cardinaity z matches a set of z° different strings, being d£¢ the number of don’t care

characters. Conversely, a string s(x) of length ¢ alows for (z+1)" different schemata, or is

matched by z' different schemata. Thus, genetic algorithms implicitly process schemata
whose number, for a population of sizem, is between z' and mz’.
The fitness F(H, t) of a schema H(X) is defined as the average fitness of the N(H ,t)

individuals x of the population matched by the schema at the generation t. Since selection
operates according to the fitness distribution, in the next generation, an above average schema
tends to receive an increasing number of individuals, a below average schema tends to receive
a decreasing number of individuals and an average schema tends to stay on the same level.
However, the evolutionary process is also affected by other properties of schemata. The order
o(H) of the schema H(x) is the number of the fixed positions present in the schema, while its
defining length d(H) is the distance between the outermost fixed positions. Since crossover
and mutation modify the genetic structure of the individuals, the probability of survival of a
schema during evolution depends on its defining length and order, respectively. In particular,
alower bound on the expected number of individuals matched by a particular schema during
the generation (t+1) isgiven by (Goldberg 1989):

N(H t+1)3 N(H,t)F(E’t)gl- 0 2H) o oH)Y (39)
F (-1 H

This inequality represents the fundamental law of the genetic algorithms and leads to
formulate the following Schema Theorem: short, low-order, above-average schemata receive
an exponentially increasing number of individuals in subsequent generations of a genetic
algorithm. Schemata with these properties are usually called building blocks and the tendency
to allocate exponentially increasing numbers of individuals to building blocks in pardld isthe
essence of the genetic search (implicit parallelism).

The Schema Theorem clarifies the influence of coding on the effectiveness of the
search. Of course, the binary alphabet, besides leading to the maximum number of schemata
per bit of information (Dhingra & Lee 1994), allows for the shortest building blocks.

15



3.9. Termination Criteria

The flow chart of Figure 1 briefly resumes the steps of the solution procedure. Of course, the

genetic algorithm may be stopped when a predetermined number of generations t, isreached:

t£t, (40)

However, this criterion requires some a priori information about the expected length of the
search, which is not usually available. For this reason, two additional criteria, which implicitly
consider the chance for significant improvements, are considered too (Michalewicz 1992,
Grierson & Pak 1993).

C START )
!

INITIAL POPULATION

[
|

FITNESSEVALUATION

!

GENETIC OPERATORS

TERMINATION
CRITERIA

YES

ENVIRONMENT INFORMATION

e

Figure 1 - Flow chart of a genetic algorithm.

The first one is based on the structure of the individuals (genotype) and measures the
convergence of the population towards the optimum by checking the number of converged
characters N, where a character is considered converged if it assumes the same feature value

of the corresponding character of the current best individual. According to this criterion, if the
number of converged characters N. exceeds a predetermined percentage C over the

population, the search process is terminated:

N, £miC (41)
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The second criterion is based on the meaning of a particular individual (phenotype) and
measures the convergence of the population by checking the progress made with respect to the

current best individual in a predefined number of generations t,. If no progress exists over

such an evolutionary interval, the search processis terminated:
t-t, £, (42)

where t, isthe last improvement generation.

The previous termination criteria can also be associated to an elitist strategy (Grierson &
Pak 1993), where the selection procedure is modified to enforce the preservation of the best
individual at each generation (Michalewicz 1992). In this way, the convergence is aways
checked with respect to the maximum fitness individual over the whole evolutionary process.

4. ANALYSISAND DESIGN OF R.C. FRAMES

4.1. Structural Model and Non-Linear Analysis

In most cases, R.C. structures should be analysed by taking material and, eventualy,
geometrical non-linearities into account if realistic results under all load levels are needed. In
this work, a two-dimensional structure is modelled using a R.C. beam finite element whose
formulation, based on the Bernoulli-Navier hypothes's, deals with such kinds of non-linearities
(Bontempi et al. 1995, Malerba 1998). In particular, both material K § and geometrical K &

contributes to the element stiffness matrix K ¢ and the nodal forces vector fd, equivalent to
the applied loads f §, are derived by applying the principle of the virtual displacements and

then evaluated by numerical integration over the length | of the beam:

K=K ¢ +K ¢ K § =B HBax KE=QNG'G dx (43)

f¢:dNTf(§tdx (44)
AN, 0y SON_/Tx 0 ) - D

N:g-\!---;-------g g=§ TN/Tx ;0 1 =% | M (45)
€0 : Nyu g€ O 9PN, /T X3 € xH

where N is the axial force and N is a matrix of axial N, and bending N, displacement

functions. In the following, the shape functions of a linear elastic beam element having

17



uniform cross-sectiona stiffness H and loaded only at its ends are adopted (Przemieniecki 1968).
However, due to materia non-linearity, the cross-sectiona stiffness distribution aong the
beam is non uniform even for prismatic members with uniform reinforcement. Thus, H has to
be computed for each section by integration over the area of the composite element, or by

assembling the contributes of both concrete H . and steel H ,:

H:QDdAzqocda+ékDgAk=Hc+Hs (46)

being A , A, , the areas of the concrete and of the k" reinforcement bar and D_,D, the

corresponding matrixes which account for both stiffness and geometrical location of the
materials. In this way, after the congtitutive laws for concrete and steel are specified, the
matrix H of each section can be computed under all load levels.

The equilibrium conditions of the beam element are derived from the already mentioned
principle of the virtual work. Thus, by assembling the stiffness matrix K and the vectors of the
nodal forces f with reference to a global coordinate system, the equilibrium of the whole
structure can be formally expressed as follows:

Ks=f 47)

where s is the vector of the nodal displacements. It is worth noting that the vectors f and s
have to be considered as total or incremental quantities depending on the nature of the

stiffness matrix K=K (s), or if asecant or atangent formulation is adopted.

4.2. Limit Statesand Load Multipliers

Based on the general concepts of the R.C. design, the structural performances should
generaly be described with reference to a specified set of limit states, as regards both
serviceability and ultimate conditions, which separate desired states of the structure from
undesired ones (Bontempi et al., 1998D).

Splitting cracks and considerable creep effects may occur if the compression stresses s,
in concrete are too high. Besides, excessive stresses s, in reinforcing steel can lead to
unacceptable crack patterns. The following limitations on the stress level in the materials,
account for adequate durability at the serviceability stage:

-s £-a.f, s (|£a T (48.9)
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where a, and a are suitable reduction factors of the limit strengths f_ and f . Excessive

displacements s may also involve loss of serviceability and then have to be limited within
assigned bounds s and s’:

s £s£s’ (48.b)

When the strain in concrete e, or in reinforcing steel e, reachesalimit value e, or e, ,

the collapse of the corresponding cross-section occurs. So, the following ultimate conditions
have to be verified:

-e E-e, le.|£eg, (49.9)

However, the collgpse of asingle cross-section doesn't necessarily lead to the collapse of the whole
structure, the latter is caused by the loss of equilibrium arising when the reactions r requested
for the loads f can no longer be developed. This condition can be formally stated as follows:

fEr (49.b)

Since these limit states refer to internal quantities of the system, a check of the structural
performance through a non-linear analysis needs to be carried out at the load level. To this
am, it isuseful to assume;

f=g+l q (50)

where g is a vector of dead loads and q a vector of live loads whose intensity varies
proportionaly to a unique multiplier | 30. With this position, the safe domains at both
serviceability and ultimate states can be formulated as follows:

s={ I |-s E-a,f

f. s Jfa fy, s £s£s+} (51.8)

sy!?

U={1 |-ek£-e, leJEey, fEIr} (51.b)

cu’?

and the previous limit conditions can be synthetically restated as:

| £ ¢=maxl (52.9)

| £1 :rlni%xl (52.b)

being |  and | , the limit multipliers which define the failure loads.
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5. APPLICATION

The presented procedure is applied to the optimal design of the two-bay one-story R.C. frame
shown in Figure 2, with L=8.00m and H =6.00m.

fittt ity ittoiitriiiqgla

EEEEEEEEEEREEERRERREY
ﬁ’s‘ 2 5 5 4 ‘3(E>Q

s Ls | Ls N

1 2 ] M
R S S

Figure 2. Two-bay one-story R.C. frame.

The non-linear constitutive laws adopted for concrete and steel are (Figure 3):

s _h?2
:& ’ecu£ec£0
i 1+(k- 2)h i Ee, .|eJge,
sC::' E..€. ,0<e.fe, S =i (53.9)
i L f,— e, <le]Ee,
[ e <o fe 7l
{ ct v Ser c = %ctu
being:
f
k:—ECOeCO :i e, :h €y =¥ (53b)
fc c0 cO Es
Such diagrams are completely defined by the following material properties:
f.=-40MPa f,=2.9MPa E.,=35GPa (54.9)
€0 =2%o0 e,, =3.5%0 € =264 (54.b)
f, =500 MPa E.=210GPa ey, =1% (54.0)
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(@ (b)
Figure 3 - Stress-strain diagrams of the materials. (a) concrete; (b) stedl.

Besides the effect of gravity g (weight density g=25kN/m?®), the frame is subjected to the
distribution of dead and live loadsin Figure 2, with:

g=5kN/m q=10kN/m Q=20kN (55)

In particular, the intensities of the live loads vary proportionally to a unique load multiplier | .
Five different cross-sections, arranged as shown in Figure 2, are adopted. The cross-
sections are rectangular shaped and reinforced as follows: four steel bars at the corners for
sections 1 and 2, two steel bars at the top and four steel bars at the bottom for section 4, four
steel bars at the top and two steel bars at the bottom for the sections 3 and 5. In each section,
the steel bars are placed at 50 mm from the nearest edge. Let b, , h,, the width and the height of

the cross-section i=1,...,5, respectively, and f ', f **, the diameter of the top and the bottom

reinforcing bars in such sections, respectively. By assuming:

b=b =h,=b,=b,=h, h=h,=h, =h, f, =f @ =f f,=f 2 =f 2 (56)
atotal of n=14 design variables are considered:

x=[b h h h £, f, £ f2 f® fX f2* 2 [ L] (57)

being L, and L the length of the parts of the beams having section 3 and 5, respectively
(Figure 2).
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; X X Xi+ Di fi Xopt
[mm] [mm] [mm] [-] [mm]
1 b 200 500 20 4 280
2 h 300 920 20 5 520
3 h 300 600 20 4 300
4 h, 300 600 20 4 320
5 f, 12 26 2 3 18
6 f, 12 26 2 3 20
7 fF 12 26 2 3 20
8 | f* 12 26 2 3 12
9 | f,° 12 26 2 3 12
10 | f 12 26 2 3 16
11 | fg* 12 26 2 3 20
12 | 12 26 2 3 16
13 | L 350 3500 50 6 2950
14 | L 350 3500 50 6 2150

Table 1. Design variables x;, lower x;

coded string s (x) and optimal values X, .

and upper x" side constraints, length 7, of the binary

Besides the side constraints listed in Table 1, the following behavioural constraints are

imposed:

| 21
1,22
bER£2D

0.5%Er, £6% ,i=1...5

(58.2)
(58.b)

(58.b)

(58.b)

where r,(X) isthe geometric ratio of the reinforcement of the section i and the serviceability

limit multiplier | ¢ (x) isdefined by assuming:

a,=0.45

a,=0.80

s'=-s5 =25mm
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The objective function f(x) is defined by adopting a unit cost ratio c=20, while the
penalty function p(x) is constructed by choosing p, = p, =100. The structural analyses needful

to the evaluation of the penalised objective function j (x) are performed by taking mechanical
and geometrical non-linearities into account. The frame is discretised by 17 composite beam
elements having lengths | =2.00 m. The area of each concrete cross section is subdivided into 3
rectangular sub-domains having the same height. The numerical integration over the composite
cross sections are then carried out in each sub-domain by using a 4 points Gauss-Legendre
integration rule. The discrete contributes of the areas of the steel bars are directly added to the
contribute of the area of concrete. The numerical integration along each element is instead
performed by using a 7 points Gauss-Lobatto integration rule. The loads are incrementally
applied until collapse by assuming DI =0.1.

An optimal solution is achieved by means of a genetic algorithm according to the

following genetic properties:

m=50 /=53 S=0.50 (60.2)
p. =0.80 p, =0.01 G=0.10 (60.b)
C=0.80 t,=300 t, =1000 (60.c)

Figure 4 shows the evolution of the objective function f(x) and of its penalised vaue
] (X)3 f(x) with respect to the best individual of the population, while Figure 5 shows the

evolution of the actual level of saturation S. The optimal value f(X,,)=] (Xqy) =4.666 m® is
reached at the generation t,, =902, with the optimal values of the design variables listed in

Table 1. The five optimal cross-sections are also shown in Figure 6. It is outlined that the
optimal design complies with al the imposed behavioural constraints. In particular,
serviceability and ultimate limit states are associated to the following limit multipliers:

| =10 (61.9)

|, =27 (61.b)

The limit condition | =I § is also highlighted on the load-displacement diagram at the top of

the right column shown in Figure 7.
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Figure 4. Evolution of the objective function f(x) and of its penalised value j (x)3 f(x) for
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the best individual in the population.
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Figure 5. Evolution of the actual saturation ratio S
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Figure 6. Optimal cross sections.
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Figure 7. Load multiplier-lateral displacement diagram at the top of the right column for the
optimal solution.
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6. CONCLUSIONS

Genetic algorithms, non deterministic heuristic search techniques based on some analogies

with the principles of natural selection of biological systems, have been applied to the optimal

limit states design of concrete structures. The main differences between genetic algorithms
and more traditional search methods can be summarised in the following points.

- Population: genetic algorithms process contemporarily a population of design points rather
than a single point. This higher exploration of the search space gives more chances to avoid
local optimum.

- Fitness. genetic search needs only objective function values, while derivatives and other
auxiliary information are not requested. Thus, non differentiable objective functions can be
easily handled.

- Coding: genetic algorithms work with a coded representation of the design variables rather
than the design variables themselves. In this way, discrete design variables, as well as
continuous variables with specified precision, can be considered.

- Randomised operators. genetic search evolves by means of stochastic rules rather than
through deterministic paths. A higher robustness is then pursued during the exploitation of
the best solution.

- Schemata: genetic algorithms implicitly process schemata, or higher level information
branched into the population. This leads to an implicit parallelism of the search which
assures a high effectiveness.

The optimisation of a R.C. frame has been considered. The shape and the dimensions of
the concrete cross-sections as well as the amount and location of the reinforcement have been
adopted as design variables. The minimisation of the structural cost of the system has been
chosen as main objective of the design process, with respect to side and behavioural
constraints. In particular, by taking the actual non-linear structural behaviour into account,
both serviceability and ultimate limit states have been assumed as design constraints. The
results show the effectiveness of the procedure and highlight the utility of the optimisation
methods in practical design problems.
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APPENDIX Il -PROGETTO OTTIMALE AGLI STATI LIMITE DI STRUTTURE IN
CALCESTRUZZO MEDIANTE ALGORITMI GENETICI

S presenta una procedura per il progetto ottimale di strutture in calcestruzzo soggette a
carichi di tipo statico, con riferimento a stati limite di esercizio e ultimi. La procedura e
orientata a progetto ottimale di telai in C.A., ma puo essere impiegata anche per altri tipi di
strutture. Si assumono come variabili di progetto sialaformae le dimensioni della sezione di
calcestruzzo, sia il quantitativo e la posizione delle armature. L'obiettivo del processo
progettuale e quello di minimizzare il costo strutturale del sistema nel rispetto di limiti sia
sulle variabili di progetto, sia sul comportamento strutturale. La soluzione ottimale e ottenuta
mediante algoritmi genetici, ovvero mediante tecniche di ricerca di tipo euristico e non
deterministico la cui formulazione si basa su alcune analogie con i principi che regolano la
selezione naturale dei sistemi biologici. Le andlisi strutturali necessarie per il processo di
soluzione sono eseguite tenendo conto delle non linearita meccaniche associate al
comportamento del materiali e delle non linearita geometriche associate agli effetti del
secondo ordine. Il metodo di analisi s basa sulla tecnica degli elementi finiti e fauso di un
elemento di trave composito. L 'applicazione della procedura di ottimizzazione ad un telaio in

C.A. mostra le potenzialita della procedura proposta.
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